
Nonnegative matrix factorization and its applications

(Due at mid-night Dec-13-2017)

Instruction: Every group (with up to 3 students) only need to submit ONE copy of files,

which should include the source code file, output on the provided test instance, and one

report file. In the report file, you can summarize what you observe or difficulties you have.

You will be evaluated based on correctness of your algorithms, accuracy and

efficiency of algorithms, performance on applications, and also the report.

1 Problem description

The nonnegative matrix factorization (NMF) [4, 3] aims to find two nonnegative matrices

W ∈ Rm×r and H ∈ Rn×r such that their product WH> approximates a given nonnegative

matrix X ∈ Rm×n. Assuming Gaussian prior on the noise, we can use Euclidean norm and

model NMF as

minimize
W,H

1

2
‖WH> −X‖2F + φ1(W ) + φ2(H), s.t. W ∈ Rm×r

+ , H ∈ Rn×r
+ , (1)

where φ1 and φ2 are regularization terms to encourage certain structures of the solution.

As r � min(m,n), NMF can be used for dimension reduction. Due to nonnegativity,

it usually has better interpretability than the principal component analysis (PCA) [3]. It

has found many applications including hyperspectral data analysis [5], face recognition [1],

document clustering [2], and so on.

2 Algorithm design

In general, it is hard [6] to find a global optimal solution of (1). A heuristic method is to

alternatingly update W and H by minimizing the objective with respect to one variable

while the other one is fixed. Starting from an initial guess (W 0, H0), we can iteratively
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update W and H for k = 0, 1, 2, . . . by

W k+1 = arg min
W∈Rm×r

+

1

2
‖W (Hk)> −X‖2F + φ1(W ) (2)

Hk+1 = arg min
H∈Rn×r

+

1

2
‖W k+1H> −X‖2F + φ2(H). (3)

If φ1 and φ2 are convex functions, both subproblems in (2) and (3) are convex programs and

can be solved to global optimality.

3 Requirements

To have a complete algorithm for (1), we need to solve (2) and (3) for every k. Your first

task for this project is to make an algorithm (e.g., gradient-type or interior-point method)

and implement it to solve the nonnegative least squares problem

min
Z

1

2
‖AZ −B‖2F + α‖Z‖1, s.t. Z ∈ Rp×n

+ , (4)

where A ∈ Rm×p and B ∈ Rm×n are two given matrices, and ‖Z‖1 ,
∑

i,j |zij|. The second

task is to make an algorithm and implement it to solve the sum-to-one constrained least

squares problem

min
Z

1

2
‖AZ −B‖2F , s.t. Z ∈ Rp×n

+ ,

p∑
i=1

zij = 1,∀j. (5)

Your third task is to make an algorithm to solve the sparse and sum-to-one constrained

NMF:

minimize
W,H

1

2
‖WH> −X‖2F + α‖W‖1, s.t. W ∈ Rm×r

+ , H ∈ Rn×r
+ ,

r∑
j=1

hij = 1,∀i = 1, . . . , n,

(6)

namely, in (1), we take

φ1(W ) = α‖W‖1, φ2(H) = ιH(H)

where ιH is the indicator function on H and

H =

{
H ∈ Rn×r :

r∑
j=1

hij = 1,∀i = 1, . . . , n

}
.

The fourth task is to apply your algorithm for (6) to one or two applications such as unmix-

ing hyperspectral data and face recognition (by dimension reduction and then classification).
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