FIRST-ORDER METHODS FOR PROBLEMS WITH O(1) FUNCTIONAL
CONSTRAINTS CAN HAVE ALMOST THE SAME CONVERGENCE RATE AS FOR
UNCONSTRAINED PROBLEMS
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Abstract. First-order methods (FOMs) have recently been applied and analyzed for solving problems with complicated
functional constraints. Existing works show that FOMs for functional constrained problems have lower-order convergence
rates than those for unconstrained problems. In particular, an FOM for a smooth strongly-convex problem can have linear
convergence, while it can only converge sublinearly for a constrained problem if the projection onto the constraint set is
prohibited. In this paper, we point out that the slower convergence is caused by the large number of functional constraints but
not the constraints themselves. When there are only m = O(1) functional constraints, we show that an FOM can have almost
the same convergence rate as that for solving an unconstrained problem, even without the projection onto the feasible set. In
addition, given an € > 0, we show that a complexity result that is better than a lower bound can be obtained, if there are only

1
m = o(e” 2) functional constraints. Our result is surprising but does not contradict to the existing lower complexity bound,
because we focus on a specific subclass of problems. Experimental results on quadratically-constrained quadratic programs
demonstrate our theory.
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1. Introduction. In this paper, we consider the constrained convex programming

(1.1) min F(x) = () + (), 5t 8() = (9200, gm(x)] <0,
where f is a differentiable strongly-convex function with a Lipschitz continuous gradient, & is a simple closed
convex function, and each g; is convex differentiable and has a Lipschitz continuous gradient.

For a smooth strongly-convex linearly-constrained problem miny,{f(x), s.t. Ax = b}, [32] gives a lower
complexity bound O(%) of first-order methods (FOMSs) to produce an e-optimal solution, if A can be
inquired only by the matrix-vector multiplication A(-) and AT(-). Notice {x : Ax = b} = {x : Ax <
b,—Ax < —b}. In addition, if Vf(x) + ATy = 0, then Vf(x) + ATyt — ATy~ = 0, where y* > 0 and
y~ > 0 denote the positive and negative parts of y. Hence, if the linear-equality constrained problem has a
KKT point, then so does the equivalent linear-inequality constrained problem. Therefore, the lower bound
in [32] also applies to the inequality constrained problem (1.1), if g can be accessed only through its function
value and derivative. However, for the special case of g = 0 or m = 0, an accelerated proximal gradient
method [22,31] can achieve a complexity result O(y/k|loge|) to produce an e-optimal solution of (1.1), when
f is strongly convex. Here, x denotes the condition number.

The worst-case instance constructed in [32] relies on the condition that m is in the same or higher order
of % For the case with m = 0(%), the lower bound O(%) may not hold any more. Examples of (1.1)
with small m include the Neyman-Pearson classification problem [33], fairness-constrained classification [43],
and the risk-constrained portfolio optimization [10]. Therefore, we pose the following question while solving
a strongly-convex problem in the form of (1.1):

Given € > 0, can an FOM achieve a better complexity result than O(ﬁ) to produce an e-optimal

solution of (1.1) when m = 0(%), or even achieve O(y/k) when m = O(1)?
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Here, an FOM for (1.1) only uses the function value and derivative information of f and g and also the
proximal mapping of h and its multiples, and O suppresses a polynomial of |log e|. We will give an affirmative
answer to the above question.

1.1. Algorithmic framework. The FOM that we will design and analyze is based on the inexact
augmented Lagrangian method (1ALM). The classic AL function of (1.1) is:

112
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(1:2) Lolx,2) = F(x) + 5 1860 + 21+ — 12,

where z is the multiplier vector, and [a]; takes the compoment-wise positive part of a vector a. The
pseudocode of a first-order iALM is shown in Algorithm 1. Notice that Lz is strongly convex about x and
concave about z. Hence, we can directly apply the accelerated proximal gradients in [22,31] to solve each
x-subproblem. However, that way can only give a complexity result of O(%) as shown in [40], regardless of
the value of m. To have a better overall complexity, we will design a new cutting-plane based FOM to solve
each x-subproblem by utilizing the condition m = O(1) or m = o(ﬁ).

Algorithm 1: First-order inexact augmented Lagrangian method for (1.1)

1 Initialization: choose x°,z°, and 8y > 0
2 for k=0,1,... do
Apply a first-order method to find x**! as an approximate solution of miny Lg, (x, z").
Update z by z°! = [2* + Brg(x"T1)],.
Choose fr+1 > B.
if a stopping condition is satisfied then
L Output (x**1,z"1) and stop

B | S Y]

1.2. Related works. We briefly mention some existing works that also study the complexity of FOMs
for solving functional constrained problems.

By using the ordinary Lagrangian function, [27, 28] analyze a dual subgradient method for general
convex problems. The method needs O(s~2) subgradient evaluations to produce an e-optimal solution (see
the definition in Eq. (1.6) below). For a smooth problem, [26] studies the complexity of an inexact dual
gradient (IDG) method. Suppose that an optimal FOM is applied to each outer-subproblem of IDG. Then
to produce an e-optimal solution, IDG needs 0(5_%) gradient evaluations when the problem is convex, and
the result can be improved to O(s_% |log ¢|) when the problem is strongly convex. For convex problems, the
primal-dual FOM proposed in [42] achieves an O(s~1) complexity result to produce an e-optimal solution,
and the same-order complexity result has also been established in [39]. Based on a previous work [15] for
affinely constrained problems, [23] gives a modified first-order iALM for solving convex cone programs. The
overall complexity of the modified method is O(s7!|loge|) to produce an e-KKT point (see Definition 1.1
below). A similar result has also been shown in [3] for convex conic programs. A proximal iALM is analyzed
in [16]. By a linearly-convergent first-order subroutine for primal subproblems, [16] shows that O(s~1) calls to
the subroutine are needed for convex problems and O(E_%) for strongly convex problems, to achieve either an
e-optimal or an e-KKT point. In terms of function value and derivative evaluations, the complexity result is
O(e~ ! logel) for the convex case and O(e~2 | log ¢|) for the strongly-convex case. Complexity results of FOMs
for nonconvex problems with functional constraints have also been established, e.g., [6,7,14,17-19, 24, 35].
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To produce an e-KKT point, the best-known result is 0(5_%) when the constraints are convex [17,19] and
0(5_3) when the constraints are nonconvex and satisfy a certain regularity condition [19].

On solving general nonlinear constrained problems, FOMs have also been proposed under the framework
of the level-set method [2,20,21]. For convex problems, the level-set based FOMs can also achieve an
O(e71) complexity result to produce an e-optimal solution. However, to obtain O(a_%), they require strong
convexity of both the objective and the constraint functions. Nesterov gives a level-set-type FOM in [30]
for functional constrained problems. For strongly-convex problems, the method can produce an e-optimal
solution by O(y/k|loge|log k) first-order oracles [30, Eqn. 2.3.26], where k is the condition number. This
oracle complexity result differs from a lower-bound result for unconstrained problems only by a factor of
log k. However, [30] requires strong convexity for the objective function and all the constraint functions. In
contrast, we will only need strong convexity for the objective, while the constraint functions can be merely
convex. In addition, the method in [30] assumes exact solutions to a sequence of quadratically constrained
quadratic programs.

Under the condition of strong duality, (1.1) can be equivalently formulated as a non-bilinear saddle-
point (SP) problem. In this case, one can apply any FOM that is designed for solving non-bilinear SP
problems. The work [12] generalizes the primal-dual method proposed in [8] from the bilinear SP case to the
non-bilinear case. If the underlying SP problem is convex-concave, [12] establishes an O(¢~!) complexity
result to guarantee e-duality gap. When the problem is strongly-convex-linear, the result can be improved
to O(e’%). Notice that both results apply to the equivalent ordinary-Lagrangian-based SP problem of
(1.1). By the smoothing technique, [13] gives an FOM (with both deterministic and stochastic versions)
for solving non-bilinear SP problems. To ensure an e-duality gap of a strongly-convex-concave problem, the
method requires O(s_%) primal first-order oracles and 0(5_1) dual first-order oracles. While applied to the
functional constrained problem (1.1), the method in [13] can obtain an e-optimal solution by O(e~2|loge])
evaluations on f, Vf, g, and Jg. FOMs for solving the more general variational inequality (VI) problem can
also be applied to (1.1), such as the mirror-prox method in [29], the hybrid extragradient method in [25], and
the accelerated method in [9]. All of the three methods can have an O(e™!) complexity result by assuming
smoothness and/or monotonicity of the involved operator.

1.3. Contributions. On solving a functional constrained problem with a strongly convex objective and
convex constraint functions, none of the existing works about FOMs (such as those we mentioned previously)
could obtain a complexity result better than 0(5*%). Without specifying the regime of m, the task is
impossible. We show that when m = O(1) in (1.1), an FOM can achieve almost the same-order complexity
result (with a difference of at most a polynomial of |loge|) as for solving an unconstrained problem. When
m = o(e~2), we show that a complexity result better than O(¢~2) can be obtained. The key step in the
design of our algorithm is to formulate each primal subproblem into an equivalent SP problem. The SP
formulation is strongly concave about the dual variable, and the strong concavity enables the generation
of a cutting plane while searching for an approximate dual solution of the SP problem. Since there are m
dual variables, we can apply a cutting-plane method to efficiently find an approximate dual solution when
m = O(1) or m = o(e~2). In addition, we extend the idea of a cutting-plane based FOM to the convex and
nonconvex cases. For these two cases, we show that an FOM for problems with O(1) functional constraints
can also achieve almost the same-order complexity result as for solving unconstrained problems.

1.4. Assumptions and notation. Throughout our analysis for strongly-convex problems, we make
the following assumptions.

ASSUMPTION 1 (smoothness). f is Ly-smooth, i.e., Vf is Ly-Lipschitz continuous. In addition, each
gi 15 smooth, and the Jacobian matriz Jg = [Vg{;...;Vgl] is Lg-Lipschitz continuous.
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AssUMPTION 2 (bounded domain and convexity). The domain of h is bounded with a diameter D), =
maxy yedom(n) |X — ¥|| < 0o. The functions h and {g;} are all convexr.

The above two assumptions imply the boundedness of g and Jg on dom(h). We use G and B, respectively
for their bounds, namely,

1.3 G= By = e ()|l
13) e lgbl By =m0

ASSUMPTION 3 (strong convexity). The smooth function f is p-strongly convex with p > 0.

ASSUMPTION 4 (strong duality). There is a primal-dual solution (x*,z*) satisfying the KKT conditions
of (1.1), d.e., 0 € OF(x*) + Jg(x*)Tz*, z* >0, ¢g(x*) <0, g(x*)'z*=0.

When Assumption 4 holds, it is easy to have (cf. [38, Eqn. 2.4])

(1.4) F(x) — F(x*) + (2", g(x)) > 0, Vx € dom(h).

Notation. For a real number a, we use [a] to denote the smallest integer that is no less than a and
[a]4 the smallest nonnegative integer that is no less than a. Bs(x) denotes a ball with radius § and center
x. If x = 0, we simply use Bs. We define B;r as the intersection of Bs with the nonnegative orthant,
so in the n-dimensional space, B} = Bs NR%}. We use V,,,() for the volume of Bs in the m-dimensional
space. [n] denotes the set {1,...,n}. Given a closed convex set X C R™ and a point x € R", we define
dist(x, X)) = minyc x ||y — x||. For any vector x, Diag(x) denotes a diagonal matrix with x on the diagonal,
and for any square matrix A, diag(A) is a vector that takes the diagonal of A. We use O, O, and o with
standard meanings, while in the complexity result statement, O has a similar meaning as O but suppresses
a polynomial of |loge| for a given error tolerance € > 0.

DEFINITION 1.1 (¢-KKT point). Given ¢ > 0, a point X € dom(h) is called an e-KKT point of (1.1) if
there is z > 0 such that

(1.5) dist (0, 0xLo(%,2)) <&, |8+l <e, Z Zigi(X)| < ¢,

where Lo(x,z) = F(x) +z'g(x) is the ordinary Lagrangian function of (1.1). By the convexity of F' and
each g;, and also Assumption 4, one can easily show that an e-KKT point of (1.1) must be an O(e)-optimal
solution, where we call a point X € dom(h) as an e-optimal solution of (1.1) if

(1.6) [F(x) - F(x)|<e  [g®)+]l <e

1.5. Outline. The rest of the paper is organized as follows. In section 2, we review an adaptive
accelerated proximal gradient method (APG) and give the convergence rate of the iALM. In section 3, we
design new FOMs (that are better than directly applying the APG) for solving primal subproblems in the
iALM. Overall complexity results are shown in section 4. Extensions to convex and nonconvex cases are given
in section 5. Numerical experiments are conducted in section 6 to demonstrate our theory, and section 7
concludes the paper.

2. An optimal FOM and convergence rate of iALM. In this section, we give an optimal FOM
with line search that will be used as a subroutine in our algorithm. Also, we establish the convergence rate
of the iALM to produce an approximate KKT point.
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2.1. An optimal FOM for strongly-convex composite problems. Consider the problem

(2.1) mi){lei%ize P(x) :=¢(x) + r(x),

where 1 is a differentiable j-strongly convex function with L.-Lipschitz continuous gradient, and r is
a closed convex function. Several optimal FOMs have been given in the literature for solving (2.1), e.g.,
in [22,31]. In this paper, we choose the APG with line search in [22], and we rewrite it in Algorithm 2 with
a few modified steps for our purpose to produce near-stationary points. One can also use the APG in [31].

Algorithm 2: An optimal FOM with line search for (2.1): X = APG(¢, 7, ), Limins & Y1, 72)

1 Input: minimum Lipschitz Lyin > 0, increase rate 1 > 1, decrease rate 42 > 1, and error tolerance & > 0.

2 Prestep: choose any ¥ = y° € dom(r) and let L= Lin/m

3 repeat

4 ‘ L+ yL and let X = arg min, (Vi(3),x) + %HX -y +rx)

5 until %(X) < Y(F) + (V(¥), X -¥) + 51X -7

6 Initialization: let x ' =x" =%, Lo = max{Lmin, E/W}, and a1 =1
7 for k=0,1,... do
8 L« Li /7
9

repeat
> = = ~ ap(l—ap_1) _
10 L+ yL, ay + \/uy/L, and}:ekarm(xkka h
" let % = arg min, (Vi(§), %) + £ x — 31 + r(x)

12 | until $(X) <Y(F) +(VEF), X -3) + 5% - I
13 L+ L/vy;
14 repeat

15 increase L < v1L;

16 let X = argmin, (V¢ (X),x) + %Hx —X||? 4 r(x); > modified step to guarantee near-stationarity at X
17| until $(R) < B + (VHE), R - %) + LR - %

18 set xFT1 =%, ¥t =%, and Liy1 = max{me,z/fyg};

19 if dist(0,0P(X)) < & then

20 L return X and stop.

The results in the next theorem are from Theorem 1 of [22].
THEOREM 2.1. The generated sequence {x*},>o by Algorithm 2 satisfies

k+1
(2.2) P(xFh - P(x*) < (1 _ |t ) (P(xo) — P(x) + B x0 — x*||2) Yk >0,
’yle 2
where x* is the optimal solution of (2.1).
By the above theorem, we can easily bound the distance of X* to stationarity for each k.
THEOREM 2.2. The generated sequence {X*}>o satisfies

k+1

2
dist(0,0P(X"+1)) < ( Ly + J%) \/2(P(x0) — P(x*)) 4 || x0 — x*||2 (1 - ﬁ» Yk > 0.
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Proof. First notice that if L > Ly, it must hold ¢(X) < (X)) + (Vi (X),X — X) + %Hﬁ —x||?, and when this
inequality holds, we have (cf. [41, Lemma 2.1]) P(X)— P(X) > £[|x—%]|%. Since P(x)—P(X) < P(x)—P(x*),
we have Z||X — X[|? < P(X) — P(x*), which together with the fact L > Luin implies

L2 < > T > * < > > *
(2.3 BIz—3? < L(PE) - P(x"), [R- %I < 12 (P) - P(x).
In addition, from the optimality condition of %, it follows 0 € V¢)(X) + L(X — X) + 9r(%), and thus
(2.4) dist(0,0P(R)) < Ve (R) = VE(X)| + LR = %] < (Ly + L)% = X]|.

By (2.3) and (2.4), we have

dist(0,0P(%)) < (Ly + L)% = % < 2(P®) - Px)) (VI+ 772—).

Therefore, the desired result follows from (2.2), the fact L < 1Ly, and the above inequality with X = xkt1

and X = xF+1, O

From [4, Theorem 3.1], we have
0 * 1Ly |ly®—x*||?
(2.5) P(x") — P(x*) < 2= ——.
Hence, we can obtain the following complexity result by Theorem 2.2 together with (2.5).
COROLLARY 2.3. Assume that dom(r) is bounded with a diameter D, = maxy, x,cdom(r) ||X1 — X2||.
Given € > 0, v1 > 1, v > 1 and Ly, > 0, Algorithm 2 needs at most T' evaluations on the objective value
of ¥ and the gradient V1 to produce X such that dist(0,0P(X)) < &, where

T— (1 +[log,, %h) <1 +2 [2 12¢ Jog (D—( YLy + =)0 Ly ﬂw)h) ~

Proof. Since dom(r) has a diameter D,, we have from Theorem 2.2 and (2.5) that

k+1

2
dist (0, 0P(%*)) < D, ( Ly + J%) V2 Ly + py (1 - /ﬁp) Yk > 0.

Hence, if k+1 > K, then dist(0,0P(x*1)) < £, where

L)
2log<%( ML+ )\/2W1Lw+u¢)

min

)
log(l—\/ “}’f )—t
v1ly n

K =

namely, after at most K iterations, the algorithm will produce a point X satisfying dist(0, 0P (X)) < &.
Notice that the conditions in Lines 5, 11, and 17 of Algorithm 2 will hold if L > Ly, and L > L. Hence,
every iteration will evaluate the objective value of ¢ and the gradient V1) at most 2(1+ [log,,, LL—*"L_) times.

Now using the fact log(1 —a)~! > a, V0 < a < 1, we obtain the desired result by also counting the objective

and gradient evaluations to obtain x°. 0



2.2. Convergence rate of iALM. The next lemma is from [40, equation 3.20] and the proof of [40
Lemma 7].
LEMMA 2.4. Let {(x*,2")} be generated from Algorithm 1 with z° = 0. Suppose

(2.6) L, (xFF1 zF) < minﬁﬁk(xzk) +er, VE=0,1,...,

for an error sequence {e}. Then
(2.7) 2811 < 412" |2 + 43215 Brer, and ||| < 2]l2"|| + /232020 Bees, Vh = 1.

By this lemma and also the strong convexity of F, we can show the following result.
LEMMA 2.5. Let {(x*,2")} be generated from Algorithm 1 with z° = 0. If dist(0,9<Lg, (x*1,2")) <
ek, Yk >0 for a sequence {e}}, then

_ 2
(2.8) 12#)2 < A}z |2 + 45020 B, and 128 < 22| + /255 Bk, VE > 1.

Proof. Let x®*1 be the minimizer of Lg, (x,2*) about x. Then 0 € 0L, (x51,2*). Also, it follows from
dist (0, OxLg, (xF11,2*)) < ¢, that there is v € ¢ L, (x",2") and ||v|| < e. Slnce F is p-strongly convex,
Lg, (x,2") is also p-strongly convex about x. Then we have (v, xFHE — xkHDy > |xEH — k4112 which
together with the Cauchy-Schwarz inequality gives ||xF+1 — xh+1|| < Il < . Now by the convexity of

me =

Lg, (+,z%), it holds L, (x*1 2%) — L, (xFH1 2F) < (v, xFH1 —xk+1) < %i, and thus we have that (2.6) holds
with e; = % . Therefore, (2.8) follows from (2.7). O

THEOREM 2.6 (convergence rate of iALM). Let {(x*,z*)} be generated from Algorithm 1 with z° = 0.
Suppose By = Boo®, Yk > 0 for some 0 > 1 and By > 0, and dist(O,@xﬁgk(ka,zk)) <&Vk >0 fora
positive number €. Then

(2.9) g+ || < ALz L Ve

= Boa'k \/Boo'k Y
k41 X 9|z*||? £2(8o+1
(2.10) S g | < Yl 4 S8t

k+1

k
Proof. From the update of z, it follows that g;(x"*') < ==+ for each i € [m], and thus by (2.8), we have

2 2
* k—1 £t k £t
Sl P o el st adbnfart 0

k - Bk - Bk

lg(x"+1)]4 ] < 12

Plugging into the above inequality ¢; = &, V¢ > 0 and B = Byo”, we obtain the inequality in (2.9).
Furthermore, for each i € [m], we have |zk+1g( L) < i| EHL(ZFE — 2F)]. Notice that zF and
2F+1 are both nonnegative. If 251 > 2% then it is obvious to have |zk+1( 2P B < (P2 and if
2
2P < 2k it holds [2FTH(2FTE — 2B = — (P2 ok AT < ()2 4 % by the Young’s inequality.
k k ’fc 2 k k)2
Hence, |25, < (12 4+ CL2), and thus K7 [ s )| < - (11412 + L) Now
we obtain the result in (2.10) by plugging the first inequality in (2.8). O
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=2
We make a few remarks here. Given € > 0, choose & > 0 such that 52“((8;:1)) < ¢ in Theorem 2.6. Notice

that 0xLg, (x*11,2%) = 0, Lo(xF 1,251, Hence, from (2.9) and (2.10), it follows that to ensure x**! to be
an e-KKT point, we need Zyo* = @(%) and solve k = @(logg ﬁ) x-subproblems. Since the smooth part of
/ B

L, (+,2z") has ©(By)-Lipschitz continuous gradient, it needs O( ) proximal gradient steps if we directly

m
apply Algorithm 2. This way, we can guarantee an e-KKT point with a total complexity O(y/Z|logel),
where k denotes the condition number in some sense. This complexity result has been established in a few

existing works, e.g., [16,23]. It is worse by an order of \/g than the complexity result in Corollary 2.3 for
the unconstrained case. Generally, we cannot improve it any more because the result matches with the lower
bound given in [32].

In the rest of the paper, we show that in some special cases, a better complexity can be obtained. When
m = O(1), we show that we can achieve a complexity result O(y/k|loge|?), which is in almost the same order
as the optimal result for the unconstrained case. For a general m, we can achieve O(m\/ﬁ| log €|?(log m +

|logel)), which is better than O(,/%|logel) in the regime of m = 0(\/2) by ignoring the logarithmic terms.

3. Better first-order methods for x-subproblems. When m is small in (1.1), we do not directly
apply Algorithm 2 to solve the x-subproblem miny Lg, (x,2*) in Algorithm 1. Instead, we design new and
better FOMs that use Algorithm 2 as a subroutine in the framework of a cutting-plane method. Our key
idea is to reformulate the x-subproblem into a strongly-convex-strongly-concave saddle-point problem, which
has a unique primal-dual solution. For the saddle-point formulation, we first find a sufficient-accurate dual
solution by a cutting-plane based FOM. Then we find a sufficient-accurate primal solution based on the
obtained approximate dual solution.

Below, we give more precise description on how to design better FOMs. Given z > 0, let

0(x) = g(x) + .
From (1.3) and the Mean-Value Theorem, it follows that @ is B,-Lipschitz continuous, namely,
(3.1) 16(x1) — O(x2)|| < Bgllx1 = Xal|, ¥x1,%2.
With 6, we can rewrite the problem miny £5(x,z) into

(3.2) minimize ¢(x) := F(x) + 2|/[0(x)]+|2.

x€eR”

Notice that 1[/[0(x)]+[|> = maxy>o {y "0(x) — 3[ly[?} and y = [0(x)] reaches the maximum. We re-write
(3.2) into

: — T _1yull2
(3.3) min max 2(x,y) := F(x) + 8 (yT0(x) — 5llyl?) -
Define
(3.4) d(y) = min ®(x,y), and y = argmaxd(y).
xR 3>0

Notice that d is S-strongly concave, so y is the unique maximizer of d. Also, for a given y > 0, define x(y)
as the unique minimizer of ®(-,y), i.e.,

(3.5) x(y) = arg;nin d(x,y).
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In our algorithm design, we first find an approximate solution y of maxy>od(y) and then find an
approximate solution X of min, ®(x,y). By controlling the approximation errors, we can guarantee X to be
a near-stationary point of ¢. On finding y, we use a cutting-plane method. Since d is strongly concave, a
cutting plane can be generated at a query point y > 0, though we can only have an estimate of Vd(y) by
approximately solving min, ®(x,y). It is unclear whether the same idea works if we directly play with the
augmented (or ordinary) Lagrangian dual function because it is not strongly concave.

3.1. Preparatory lemmas. We first establish a few lemmas. The next lemma indicates that the
complexity of solving miny ®(x,y) by the APG can be independent of 5, if ||y| is in the same order of ||y|].
This fact is the key for us to design a better FOM for solving ALM subproblems.

LEMMA 3.1. Suppose X is the minimizer of ¢ in (3.2). Theny = [0(X)]+ is the solution of maxy>o d(y),
and (X,y) is the saddle point of ®. In addition, let (x*,2*) be the point in Assumption 4. Then

(3.6) 51 = 16+ < el

Proof. Tt is easy to see that y = [@(X)]+ is the solution of maxy>od(y) and (X,y) is a saddle point of ®;
cf. [34, Corollary 37.3.2]. We only need to show (3.6). Since X is the minimizer of ¢, it holds

2 2
F(x) + 20417 < Fex) + S04 2 = Px) + 5 || [sx) + 2] | < Fexr) + 1

where the last inequality holds because g(x*) < 0 and z > 0. By the above inequality and (1.4), we have

Sl 12 < L2 + (27, 8(x)) < L2 + (2%, 0(%)) < L2b- + ||| - [[0(®)]4 1,
which implies the inequality in (3.6). O

Our cutting-plane based FOM for solving maxy>o d(y) needs a sufficiently accurate approximation of
Vd(y) at any query point y. We first give the formula of Vd(y) in Lemma 3.2 and then provide a way to
approximate it with a desired accuracy in Lemma 3.3.

LEMMA 3.2. For anyy > 0, it holds that

(3.7) Vd(y) = 8(0(x(y)) —¥).

where x(y) is defined in (3.5). In addition, the following two inequalities hold

(3.8) Bly1 —y2,0(x(y1)) — 0(x(y2))) < —pullx(y1) — x(y2)[*, Yy1,y2 >0,
(3.9) Ix(y1) = x(y2)ll < ﬂ% y1 =zl Vy1,y2 > 0.

Proof. The result in (3.7) follows from the Danskin Theorem (cf. [5]). We only need to show (3.8) and (3.9).
For i = 1,2, denote x; = x(y;). From the definition of x(y) and the u-strong convexity of F, it holds

F(x1) 4 By| 0(x1) < F(x2) + By] 0(x2) — §lx1 — %22,
F(x2) 4 By, 0(x2) < F(x1) + Byg 0(x1) — §lx1 — %2

Adding the above two inequalities gives the result in (3.8). Now using the By-Lipschitz continuity of 8, we
have (3.9) from (3.8) and complete the proof. O



LEMMA 3.3 (approximate dual gradient). Given ¥ > 0 and § > 0, let X be an approzimate minimizer
of ®(-,y) such that dist (0, 0x®(X,y)) < 8. Then

10(%) — 0(x(¥))Il < By, [8(6(%) —¥) — Vd(F)| < BBy

Hence, ﬂ(O(ﬁ) — ?) is a good approximation of Vd(y) when § is small.
Proof. From the p-strong convexity of F, it follows that for each y > 0, ®(+,y) is p-strongly convex, and thus
pl|x—x(¥)| < dist (0 Ox P (X, §)) < 0, which gives ||x—x(¥)|| < %. Hence, by the B,-Lipschitz continuity of 0,
we have [|0(X)—0(x(y))| < ng and thus from (3.7), Hﬂ(G(i) -y) - Vd(?)” = 510(x)—-0(x(¥))]| < BBg%.
This completes the proof. O
In order to have a verifiable stopping condition, we will compute the violation of first-order optimality
conditions. The following two lemmas quantify the accuracy levels of solving y ~ argmax,qd(y) and
X ~ arg min, ®(x,¥) in order to find a desired-accurate stationary point of (3.2). These results will be used
to estimate the worst-case complexity result.
LEMMA 3.4. Given'y > 0, it holds

dist (0, 09(%)) < dist (0, 0 8(%.5)) + Bl IR - [[0R)]+ — F. Y% € dom(h).

Proof. Tt is easy to have 0¢(X) = 0x®(X,¥) + 8Jg (X)([0(X)]+ —¥). The desired result now follows from the
triangle inequality and the Cauchy-Schwarz inequality. O

LEMMA 3.5. Given € >0, if y > 0 is an approzimate solution of maxy>o d(y) such that [|[0(x(¥))]+ —
yll < 358, and X is an approzimate minimizer of ®(-,y) such that dist(0,0x®(X,y)) < £min{l, 5z}
then dist (0, 0¢(X)) <
Proof. Since dist (0, dx ‘P(X y)) < BBQ, we use Lemma 3.3 with § = =25 to have [|0(X) — 6(x (A))H < 73[539'

3657
In addition, from the nonexpansiveness of [-];, it follows that ||[@(X )}Jr —[OE)]+ < 353 Because
o))+ — ¥l < ﬁ, we have from the triangle inequality that [|[0(X)]+ — ¥| < 32153g. The desired
result now follows from Lemma 3.4 and ||Jg(x)|| < By, Vx € dom(h). O

3.2. the case with a single constraint. For simplicity and ease of understanding, we start with the
case of m = 1, so the bold letters y, 0 are actually scalars in this subsection. We show the complexity to
produce a point X satisfying dist (0, 8¢(§)) < ¢ for a specified error tolerance £ > 0. By Lemma 3.5, we can
first find a ¥ > 0 such that [[0(x(¥))]+ —¥| < ﬁ and then approximately solve miny ®(x,¥) to obtain X.

Our idea of finding a desired approximate solution y is to first obtain an interval that contains the
solution y = arg max, -, d(y) and then to apply a bisection method. The following lemma shows that for a
given y > 0, we can either check if it is a desired approximate solution or obtain the sign of Vd(y) so that
we know the search direction to have a desired solution.

LEMMA 3.6. Given § >0 andy > 0, let X € dom(h) be a point satisfymg dist (0, 0x®(%,y)) < %. If

0]+ —F| < %, then [[0(x(3))]4 — ¥] < 8. Otherwise, |[0(x(9))]+ —F| > 5, and Vd(3)(8(%) — ) > 0.
Proof. From Lemma 3.3 and the condition on X, it follows that

(3.10) (%) - 0(x(¥))| < §, and |B(6(X) - ¥) - Vd(¥)| < F.
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Hence, by the nonexpansiveness of [] 1, it holds |[8(X)]+ — [0(x(¥))]+| < §. Then, by the triangle inequality,
we have [[0(x(y))]+ —¥] < 5 if |[0(%)]+ —y| < ¥ and |6 ( (.Y))]+ ~¥| > § otherwise.

When |[0(X)]; — ¥| > 22, it must hold |O(X ) ¥| > 32 because ¥ > 0, and thus |3(0(X) — )| > ‘3/35
Therefore, from the second 1nequality in (3.10), we conclude that Vd(¥) must have the same sign as 6(X) — y,
because otherwise |3(8(X) —y) — Vd(y)| > [3(6(X) — ¥)| > 356 . This completes the proof. O

By this lemma, we design an interval search algorithm that can either return a point y > 0 such that
[[0(x(¥))]+ — ¥| < 6 or return an interval Y = [a,b] C [0, 00) that contains the solution §. The pseudocode
is shown in Algorithm 3.

Algorithm 3: Interval search: Y = IntV (3, z, 6, Limin, 71,72)

1 Input: multiplier vector z > 0, penalty 8 > 0, target accuracy d > 0, Lmin > 0, and 71 > 1,72 > 1

2 Overhead: define 6(x) = g(x) + %, ®(x,y) as in (3. 3), and £ = “6

Initial step: call Alg. 2: X = APG(¢, h, it, Lmin, &, 71,72) with ¢ = <I>(~70) — h. > SO
dist (0, 0x (%, 0)) < £

w

4 if [B(X)]+ < % then
5 L Return Y = {0} and stop. > otherwise, Vd(0) is positive
6 Let a=0,b= % and call Alg. 2: X = APG(¥, h, pt, Lmin, &,71,72) with ¢p = ®(-,b) —h. > set b= O(%)
7 while [|[0(X)]+ — b|| > % and 6(X) —b >0 do
8 let a < b, and increase b < 2b. > fine to multiply b by a constant ¢ > 1
9 call Alg. 2: X = APG(¢, h, 14, Limin, &,71,72) with ¢ = ®(-,b) — h.
10 if |[[0(X)]+ — b]| < 2 then
11 L Return Y = {b} and stop. > found y = b such that [[@(x(¥))]+ —¥| < ¢
12 else
13 L Return Y = [a, b] and stop. > found an interval containing y

Once the stopping condition in Line 4 or 10 is satisfied, then by Lemma 3.6, we immediately obtain a
desired ¥ such that |[0(x(¥))]+ — ¥| < 0. The next lemma shows that the algorithm must exit the while
loop within a finitely many iterations.

LEMMA 3.7. Given 8 > 0, if b > 2L gng dist (0, 0@ (%, b)) < - then either [|[B()]+ —bl| < %
or 8(x) —b<0.

Proof. From Lemma 3.1, it follows that y = [0(x(¥))]+ < W The result in (3.8) indicates the
decreasing monotonicity of 6(x(y)) with respect to y. Hence, if b > 72Hz*%+”z“7 then 0(x(b)) < 8(x(y)) <

w < b, and thus O(x(b)) — b < 0. Now if |[#(X)]+ — b > 2, we know from Lemma 3.6 that

Vd(b)(6(x) — b) > 0, and thus 8(X) — b < 0 since Vd(b) = B(0(x(b)) — b) < 0. This completes the proof. [J

When Algorithm 3 exits the while loop, it can output a single point or an interval. The lemma below
shows that if an interval is returned, then it will contain the solution y.

LEMMA 3.8. Given 6 > 0, let Y be the return from Algorithm 3. If Y contains a single point 'y,
then |[0(x(¥))]+ — ¥| < . Otherwise, Y is an interval [a,b], and it holds that Vd(a) > 0,Vd(b) < 0, and
y € [a,b].
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Proof. If Y contains a single point y, then the condition in either Line 4 or 10 of Algorithm 3 is satisfied,
and we immediately have |[0(x(¥))]+ — ¥| < § from Lemma 3.6.

Now suppose that Y is an interval [a,b]. From Lemma 3.6 and the setting in Line 8 of Algorithm 3,
we always have Vd(a) > 0. When the algorithm exits the while loop and returns an interval, we have
[[6(%)]+ —b]| > 32 but (%) —b < 0. Then it follows from Lemma 3.6 that Vd(b) < 0. Therefore, the unique
solution y must lie in (a,b) by the Mean-Value Theorem and the strong concavity of d. (]

REMARK 3.1. Suppose Algorithm & returns an interval [a,b]. Then Lemma 3.7 indicates that b <
%max{l,éle*H + 2||z||}, and in addition, at most T + 2 calls are made to Alg. 2, where T is the smallest
non-negative integer such that 27 > 2||z*|| + ||z|.

Suppose Algorithm 3 returns an interval [a, b]. We can then use the bisection method to obtain a desired
point y. The pseudocode is given in Algorithm 4.

Algorithm 4: Bisection method for maxy>o d(y): (X,y) = BiSec(S, 2, 0, Lmin, Y1, 72)

1 Input: multiplier vector z > 0, penalty 8 > 0, target accuracy d > 0, Lmin > 0, and 71 > 1,72 > 1

2 Overhead: define 6(x) = g(x) + %, ®(x,y) as in (3.3), and € = %.

3 Call Alg. 3: Y = IntV(8, 2,0, Lmin,Y1,72) and denote it as [a, b]. > If Y is a singleton, then a = b
4 while b —a > 52, do

5 let ¢ = ‘ITH’ and call Alg. 2: X = APG(%, h, pt, Liin, &, 71, v2) with ¢ = ®(-,¢) — h
6 if |[0(X)]+ — | < 2 then
7 L Let ¥ = ¢, return (X,¥), and stop
8 else if 8(X) —c > 0 then
9 L let a «+ ¢
10 else
11 | let b c.

12 Let y = “T“’ and X = APG(¢, h, b, Lin, &, 71, v2) with ¢ = ®(-,y) — h, return (X,y), and stop.

By Lemma 3.6 and the lemma below, it holds that the returned point y from Algorithm 4 must satisfy
[0(x(y))]+ — ¥y <.

LEMMA 3.9. Let Y = [a,b] C (0,00). If Vd(a) >0, Vd(b) <0, and b—a < M_‘gsBz for a positive §, then
[0x(¥))]+ —y| < for any y € [a,b].
Proof. Recall from Lemma 3.1 that § = [0(x(¥))]+. Hence, for any ¥ € [a, b], we have

ININCINA
=
X
\‘3}

|
=
X
<
+
<)

|
ﬁ

g
B8B2 . _ ~
(3.11) 2y =yl + 1y =¥l
where we have used the non-expansiveness of [-]; in the second inequality, the third inequality follows from
(3.1), and the last inequality holds because of (3.9). Now since y € [a,b], we have [y —§| <b—a < M%;BQ,
and thus the desired result follows. |
12
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(b—a)(u+BB3) ]
no

halves to reduce an initial interval [a,b] to one with length no larger than #{fl%' Notice a > 0 and
g

b< %max{l, 4||z*|| + 2||z||} from Remark 3.1. Hence, afterY is obtained, Algorithm 4 will call Algorithm 2

ax 11, 4[|z*|+2 B2 .
at most {logQ i { = ‘;(;HZH}(HB g)—‘ + 1 times.
+

REMARK 3.2. Since the bisection method halves the interval every time, it takes at most [log,

Below we establish the complexity result of Algorithm 4 to return y.
THEOREM 3.10 (Iteration complexity of BiSec). Under Assumptions 1-4, Algorithm 4 needs at most T
evaluations on f, 0, Vf, and Jg to output X and 'y > 0 that satisfy dist(O, OxP(X, ?)) <& and |[0(x(¥))]+ —

= - 5
y| <6, where £ = [?g, and

T=K (1 + [log.,, ﬁ-“) (1 +2 {2 Vlﬂﬁlog (% (\/'yle + \/%) V2v1 L, +M)—‘+) ,
with L, = Ly + Ly max{1,4|z*| + 2||z||} and

. max {1, 4l|2"|+2]lz] } (u+BB2)
(3.12) K =3+ [logy (2[|z" || + 21 + {logz { B fesss L-

Proof. By Remarks 3.1 and 3.2, Algorithm 4 calls Algorithm 2 at most K times, where K is given in
(3.12). Notice that the gradient of ¢ = ®(-,b) — h is Lipschitz continuous with constant Ly + SbL,. Since
b < %max{l, 4||z*|| + 2||z||} from Remark 3.1, we apply Corollary 2.3 to obtain the desired result. O

3.3. the case with multiple constraints. In this subsection, we consider the case of m > 1. Similar
to the case of m = 1, we use a cutting-plane method to approximately solve maxy>g d(y). The next lemma
is the key. It provides the foundation to generate a cutting plane if a query point is not sufficiently close to
the solution y = arg maxy o d(y)-

LEMMA 3.11. Let b > 0, and suppose ||y|| < b. Given 6 > 0 and 'y > 0, let X € dom(h) be a point

satisfying dist (0, 0x®(%.¥)) < min{{g-. 55t apmy - I IO+ — ¥l < %, then [[0(x(3)]+ - ¥ < 0.
Otherwise, ||[0(x(¥))]+—¥|| > ¢, and also (0(X)—y,y—y) > 0 for anyy € B, (y)NB;", where n = min{b, n },

and 14 s the positive root of the equation

B )
(3.13) ”—f 2 (77 + ,/%) =%, with By= maxy g+ Vd(y).

Proof. By the same arguments in the proof of Lemma 3.6, we can show that ||[@(x(¥))]+ — ¥| < ¢ if
[[0(X)]+ — ¥ < 22 and [|[[0(x(¥))]+ — ¥|| > 2 otherwise. Hence, we only need to show (8(X) — ¥,y —¥) >0
for any y € B, (¥) N Blf in the latter case, and we prove this by contradiction.

Suppose [|[0(X)]+ — ¥[ > 22 and the following condition holds

(3.14) (0(%) — ¥,y —¥) <0, for some y € B,(y) N B, .
By the S-strong concavity of d, it holds

(3.15) d(y) <dF) + (VdF),y - §) - Slly — ¥l
13



From the Mean-Value Theorem, it follows that there is ¥ between y and y such that d(y)—d(y) = (Vd(y),y—

y) > —nBy, where the inequality holds because y € B,(¥) and y must fall in B;. Since d(y) > d(¥), we
have d(y) — d(y) < d(y) — d(y) < nBgy. Hence, (3.14) and (3.15) imply

(3.16) Slly = 91> < nBa+ (BO(X) — §) — Vd(F),5 — ¥).

From Lemma 3.3 and the condition dist(0, 9x®(X,y)) < Wj-%}??)’ it follows ||3(8(X) —y) — Vd(y)|| <
Bud §

S 1BBI) which together with (3.16) and the Cauchy-Schwartz inequality gives

slly =917 < nBa+ 53555 15 ~ ¥l

QT]Bd

Solving the above inequality, we have |y — | < + W’ and since ||y — || < 7, it holds

ly =¥l <n+4/ QWBB" + 74(#-1:232)' Now noting that (3.11) also holds for the case of m > 1 as its proof does
g
not rely on m = 1, we have

(3.17) 10xE)]s — I < 22250 (4[24 s ) = 00 () [Ba) 8 <

where the last inequality follows from the choice of 77
However, we know that when ||[0(X)]+ — ¥|| > 22, it holds ||[0(x(¥))]+ — ¥ > g, and (3.17) contradicts
to this fact. Therefore, the assumption in (3.14) cannot hold. This completes the proof. |

Suppose ||y|| < b for some b > 0. For a given y > 0, let X satisfy the condition required in Lemma 3.11.
Then if [|[0(X)]+ — ¥| > 22, we find a half-space containing the set B,(¥) N B;", whose volume is at least
4"V, (n) if n < 0. Therefore we can apply a cutting-plane method to find a near-optimal y. In order to
have a good scalability to m, we choose the volumetric-center cutting-plane (VCCP) method [1,37]. Below
we first give the more efficient version of VCCP in [1] and then adapt it to solve our problem.

Volumetric-center cutting-plane (VCCP) method. Let C be a convex set in R™. Suppose that
there is a separation oracle. Given a point y € R™, the separation oracle can either tell y € C or return one
vector a such that a'y > a'y,Vy € C. By using the oracle, VCCP aims to solve the feasibility problem:
find a point y € C or show that the volume of C is less than a given positive number p.

Let P ={y € R™ : Ay > b} be a polytope with nonempty interior. For each interior point y in P, i.e.,
Ay — b > 0, the volumetric barrier function is defined as

(3.18) V(y) = 3log (det (ATS(y)"2A)), with S(y) = Diag(Ay — b),
where det(-) denotes the determinant. The minimizer of V(-) is called the volumetric center (VC) of P. Let
(319)  Q(y) = ATS(y) *Diag(p(y))A, with p(y) = diag (S(y) 'A(ATS(y)*A)"ATS(y) 7).

With these notations, the pseudocode of the VCCP is given in Algorithm 5, where we define S* = S(y*),
QF = Qy"), VF(y*) = V(y"), p* = p(y¥), and p* ., = min;<;<,, p¥ by using (3.18) and (3.19) for P = P*.
The lemma below is obtained from Lemma 3.1 in [1] and its proof.
LEMMA 3.12. Suppose C C P° and ¢; < c3 < 0.03. Let VE, =log V"T(l) + mlog(ng) + 0.00135, where
ny is the number of rows of A* and V,,(1) is the volume of a unit ball in R™. If Algorithm 5 terminates
because VFE(y) > VE_ for some k, then the volume of C is smaller than p.

max
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Algorithm 5: Volumetric-center cutting-plane (VCCP) method

1 Initialization: choose a polytope P° = {y : A’y > b"} that has a VC y° in the interior of P°, choose
Pmin € (0,1), 7> 0, and 0 < ¢1 < co; set k = 0.

while V*(y*) < V£, do

if p®.. > pmin then

4 Call the separation oracle to check whether y* € C. If so, return y* and stop. Otherwise, obtain &

from the oracle such that 'y > a'y* Vy € C. Let A**! = [A*;a7] and b**! = [b*;b] with

w N

(3.20) b=ayh - L\/aT((AM)T(S)2AR) a
5 else
6 L Suppose pf = pli,. Let [AFT1 b*"!] be obtained by removing the j-th row from [A*, b*];

7 Let P**! = {y : A¥Tly > b**!}; start from y* and apply a sequence of pure Newton’s steps to find

y*T1 as an approximate VC of P**! such that

_ ) 1
(3.21) HQ* ) 'V (v ) | grar < min{er, (24/pEL) — P ) Ze2}s
set k « k+ 1.

Also we have the following theorem from [1].

THEOREM 3.13. Suppose that A° has 2m rows. Let pyin = 0.005,7 = 0.007,c; = 0.0001, co = 0.00027
and VE = longT(l) + mlog(ng) + 0.00135 in Algorithm &5 with p € (0,V,,(1)). Then at most five
Newton steps are needed to ensure the condition in (3.21). In addition, Algorithm 5 must terminate in
{1" (m logm + log VmT(l) +6m — VO (yo)) + 16m + 1—‘ calls to the separation oracle, where I' < 5406 is a uni-

versal constant.

Proof. From (3.8) to (3.9) in the proof of [I, Theorem 3.2], we have that V*(y*) > V£ occurs if

(3.22) VO(y®) + 5AV — Z(AVT + AV) > log ¥2) + mlog(1 + L) + mlogm +0.00135

where AV' = 0.00301, AV~ = 0.00264 and AV = AV*T — AV~ = 0.00037 by Theorems 6.4 and 6.5 and
Corollary 6.6 in [1]. We complete the proof by solving (3.22) for k£ and noting log(1 + pn{m) <6. O

REMARK 3.3. From the proof of Theorem 6.4 in [1], if each y* is the VC of P¥, then AVt = %log(l—i—T)
and AV~ = %log(l — Pmin)- In this case, the constant T' can be significantly reduced by increasing 7. For
example, let T = 2 and puin = 0.005. Then AVT < 0.5494, AV~ < 0.0027, and AV > 0.5466. To have
(3.22), it suffices to let k > 3.66(mlog m+log V““'T(l)+6m—V0(y0)) +2m+1. Notice that if T = oo in (3.20),

the generated cut (&, 1~)) will pass through y*. Roughly speaking, a larger T gives a deeper cut and reduces the
constant I' in Theorem 3.13, but more Newton iterations will be needed to find a sufficiently accurate VC.
From Lemma 3.12 and Theorem 3.13, we conclude that if C C PY and the volume of C is no smaller than
p, then Algorithm 5 must be able to find a point ¥ € C. The proof of the above theorem is essentially by the
logic that V*(y*) >V will eventually occur if a point in C is never found. Below, we exploit this idea and

adapt the VCCP method to solve our problem in Algorithm 6, where n; denotes the number of rows of AF for
each k > 0. Notice that from Lemma 3.11, if [|§|| < b and C := B,(¥)NB;” C P, then the cut (&, b) generated
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from Line 18 satisfies 2"y > b,Vy € C and thus C C P* for all k > 0. The checking in Lines 7 and 9 ensures
that the subproblem solved in Line 12 will be strongly convex and have a bounded smoothness constant.
Also notice that different from what we do in Algorithm 5, we fix py;, = 0.005,¢; = 0.0001, co = 0.00027
but only leave 7 to be tuned in Algorithm 6.

Algorithm 6: VCCP method for maxy>o d(y): (X,¥,FLAG) = VCCP(83,2,0,b, Liin, 71, 72)

1 Input: multiplier vector z > 0, penalty 8 > 0, target accuracy 6 > 0, b > 0, Lmin > 0, and 71 > 1,72 > 1
. — . 2

2 Overhead: define 6(x) = g(x) + %, ®(x,y) as in (3.3), € = mln{%, WJEBBS)}’ and FLAG = 0.

3 Let n4+ be the positive root of (3.13), n + min{b,n+}, and p = 47"V, (n); set k = 0.

4 Set A° = [I; -1, b° = [0yn; —b1,]; let P* = {y e R™ : A’y > b}, y° = £1; choose 7 > 0.007

5 while V*(y*) < V£, :=log Y= 4 mlog(ny) + 0.00135 do

p

6 if p©.. > 0.005 then
7 if y* ¥ 0 then
8 L Let a = e;, where 4o = argmin, ¢, Yk > to ensure a check point in R
9 else if ||y”| > b then
10 L Let a = —y* > to ensure a check point in By
11 else
12 Call Alg. 2: x* = APG(¥, h, ft, Liin, &, v1,72) with ¢ = ®(-,y*) — h
13 if |[0(x")]+ — y*| < % then
14 Let (X,9) = (x*,y") and FLAG = 1;
15 Return (X,y,FLAG), and stop > found ¥ such that [[@(x(¥))]+ —¥] < I
16 else
17 L Let a =0(x") —y*
18 | Let A*™ = [A®;a"] and b*™" = [b¥;b] with b given by (3.20)
19 else
20 L Suppose p? =pF... Let [Ak’“7 bk“} be obtained by removing the j-th row from [Ak7 bk]
21 Let P**! = {y : A¥Tly > b**!}; start from y* and apply a sequence of pure Newton’s steps to find
y**! as an approximate VC of P¥! such that (3.21) holds with ¢; = 0.0001 and ¢2 = 0.00027.
22 | Increase k< k+1.

23 Let (%,¥) = (x*,y") and return (X, 5, FLAG)

Similar to Theorem 3.13, we are able to show the finite convergence of Algorithm 6.
THEOREM 3.14. Under Assumptions 1—4, Algorithm 6 with = = 0.007 will stop within N iterations,

where N = {I‘ (m logm + mlog @ + 6m) + 16m + 1—‘ , 11 s defined in Line & of the algorithm, and I' < 5406

is a universal constant. In addition, if ||y|| < b, Algorithm 6 must return FLAG = 1 and a vector y > 0
satisfying ||[0(x(¥)]+ — || < § with at most T evaluations of f, Vf, 0, and Jg, where

(3.23) T:N(l—kﬂog% LL—M+) <1+2[2 WTLwlog(%( 71L¢+\/§’::—m> m}h)

. - . ) 25
U]Zth Lw = Lf +BbLg, and E = mln{f?g, Wm}
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Proof. First, notice that y° is the VC of P°. Second, it is straightforward to compute V9(y?) = mlog £ys
and log ’"(1) = mlogé. Hence, from the proof of Theorem 3.13, VF(y*) > VF

hax ust occur if k 2

{1" (m logm + mlog fb + Gm) + 16m + 1—‘ where I' < 5406 is a universal constant.

It is obvious that C = B,(y) N Bf C P° by the choice of P°. Below we argue that C C P* for all
k > 0 before the algorithm stops. First, if P**! is obtained by deleting one row from the system of P*, then
Pk C PE+L. second, if a is obtained from Line 8 or Line 10 of Algorithm 6, the generated cut (&, l;) will not
cut any point from C; thirdly, if & is obtained from Line 17, by Lemma 3.11, the generated cut (&, lN)) will not
cut any point from C either. Therefore, if C C P*, then C C P**!, and thus by induction C C P*¥,VEk > 0.
Now since the volume of C is no smaller than p, we conclude that there must be a point x* from Line 12 of
Algorithm 6 such that the condition in Line 13 is satisfied. Hence, the algorithm will return FLAG = 1 and
a vector ¥ > 0 satisfying ||[0(x(¥))]+ — ¥|| < ¢ by Lemma 3.11.

Finally, notice that when Algorithm 2 is called in Line 12, ||y*|| < b, and thus the smooth function )
has (Ly + BL4b)-Lipschitz continuous gradient. Since Algorithm 2 is called at most N times, we have from
Corollary 2.3 that the total number of function and gradient evaluations is T given in (3.23). O

As discussed in Remark 3.3, the constant I' can be reduced to 3.66 if 7 = 2 is used, like in our numerical
experiments. By Theorem 3.14, we can guarantee to find a desired approximate solution y by gradually
increasing the search radius b. The algorithm is shown below.

Algorithm 7: Search by the VCCP Method for maxy>o d(y): (X,¥) = SVCCP(8, 2,9, Lmin, 71, 72)

1 Input: multiplier vector z > 0, penalty 8 > 0, target accuracy d > 0, Lmin > 0, and 71 > 1,72 > 1
2 Overhead: define 6(x) = g(x) + 5, ®(x,y) as in (3.3), and set k =0, bo = % and FLAG = 0.
3 while FLAG =0 do
4 Call Alg. 6: (X,¥,FLAG) = VCCP(8, 2, 8, bk, Lmin, Y1, 72)-
5 Let biy1 < 2br and increase k < k + 1.
6 Output (X,y).
. . 8(u+BB2) ~ ~ .
THEOREM 3.15. Under Assumptions 1—4, if 6 < B e then the output (X,y) of Algorithm 7 must
. . ~ ~ A~ -~ -~ = . 10 )
satisfy dist(0,0x®(X,y)) < &, ¥ > 0 and ||[0(x(¥))]+ — Y| < 8, where & = mm{ZBg,m} In

addition, it needs at most T evaluations of f, Vf, 0, and Jg to give the output, where

7 Lgmax 1,72”\/{*_”4—” I
(3.24) T<30K+4aﬁlog< <\/71L,,,ax+ j&)\/mLmﬂLu) <K =L+ {ﬁ 2t } ,

min

with the constants defined as

Lunax = Ly + Ly (4]2"[| + 2||zl), C = [T (mlogm + mlog R + 6m) + 16m + 1] - (1 +[log., Lmax1+) ,

Lin

K = [log, (2[|z"[| + llz[) ], + 1,

R — 3v2(max{1,4]z" |+2|}z|}) 4(BG+|z]|+max{1, 4]z* || +2]|z|}) (1 +8B2)? i u+BB
= B Bud)? Mk

and I' < 5406 is a universal constant.
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Proof. By the quadratic formula, we can easily have the positive root of (3.13) to be

2 2
( “6 2) ( Ma 2)
;L+BBg > u+BBg

N+ = 7 Z .
2By [2Bg 4Bg s
4( B + B +;L+/33§> 8( B +;4,+,HB§

Hence, it holds that

b

b e N PTPEg )
n+ — us 2
n+BB2
8(u+BBy)

When b > %, the right hand side of the above inequality is greater than one by the assumption ¢ < s
and since n = min{n, b} in Algorithm 6, we have

8p( 24 )
< R _ 8b<4Bd<u+5B§)2 p+BB:

B T s )

4Bq(u+BB2)?
(3.25) % = max{%, 1} < 8b( dﬁlgué)2~ +

quéBZ ) < 8b (4([3G+HZH+ﬁb)2(#+5B§)2

u+BBZ)
B(uo) ’

+ o

where we have used Vd(y) = 8(g(x(y)) + % —y) in (3.7) and thus the bound of Vd(y) over By satisfies
By < BG + ||z|| 4+ 8b with G defined in (1.3).

Furthermore, by Lemma 3.1 and Theorem 3.14, Algorithm 6 must return FLAG = 1 and a vector y
satisfying ||[0(x(¥))]+ — ¥ < 6 when b > w Since by = % and bypp1 = 2bg, Algorithm 7 must
stop after making at most K calls to Algorithm 6, where K is the smallest positive integer such that
2K=1 > 2||z* || + ||z||, i-e., K = [log,(2]|z*|| + |z])], + 1. In addition, from by = 2by, it holds

(3.26) b = % < ma"{l"l”;*”"'m‘z”}, foreach 0 < k< K — 1.

In the k-th call to Algorithm 6, let 7, denote the 7 used in Line 3 of Algorithm 6, Ly, = L¢ + BLgby
the gradient Lipschitz constant of the smooth function ¢, and T} the total number of gradient and function
evaluations. Then, by (3.26) and the definition of L.y, we have Ly, < Lyax. Also, from (3.25), (3.26), and

the definition of R, it follows % < R for each 0 < k < K — 1. Moreover, we have from (3.23) that

T, <C (1 +2 [2 %mg (& ( YLy, + \/LLL) 291 Ly, +u)—‘ )
v =)V .
<30+ 40y 720 0g (2 (VT + S ) VI Lo )

Notice that /Ly, < /Ly 4+ /BLgby and, thus
K-1 K- _
peo V Ly < Ky\/Ly+ Yo VBLgb = K\/Ly+ /Ly \/\;?_11

lan ST 2¢/2||z* || +]|z]]
SK Lf+ Lgmax{l,\m}.

Therefore, T must satisfy the condition in (3.24) since T' < ZkK:_Ol T O
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4. Overall iteration complexity of the first-order augmented Lagrangian method. In this
section, we specify the implementation details in Algorithm 1. We use the method derived in section 3 as
the subroutine to find each x**1. In addition, we choose a geometrically increasing sequence {3} and stop
the algorithm once an e-KKT point is obtained. The pseudocode is given in Algorithm 8. Notice that for
each k, we aim to find x*** such that dist(0, ¢y (x"1)) < &), where ¢y, is defined in (4.3) as the objective
of the k-th ALM subproblem. In Line 10, in case u is big or i is small, we call the APG in order to ensure

this by Lemma 3.5.

Algorithm 8: Cutting-plane first-order iALM for problems in the form of (1.1) with m = O(1)

Input: 5y > 0, 0 > 1, tolerance € > 0, Lmin >0, 71 > 1, and 72 > 1
Initialization: choose x° € dom(h), and set z° = 0

1

2

3 for k=0,1,... do

4 Choose e, < min {e,
5 if m =1 then

6

7 else

8

9 ifm:1andm

©w

24By (ut By, B2)
N

} and set d =

€k
3Bk By "

| Call Alg. 4: (x**',y*") = BiSec(Bk, 2", 6k, Lmin, 71,72)

L Call Alg. 7: (x"*1 y**1) = SVCCP(Bk, 2", 6, Linin, V1, 72)

2
; n p
>1, orm>1and mm{kag, sakngkag)} > 1 then

10 L Call Alg. 2: 1 — APG(2, hy by Linin, € /3,71, v2) with 9(x) = f(x) + ﬁk<yk+1,g(x)>.
11 Update z by 2" = [2* + Brg(x"T1)]+.

12 Let Br+1 + oBk.
13 if (x*1, 2" is an e-KKT point of (1.1) then
14 L Output (X,z) = (x*1,2"1) and stop

The next theorem gives a bound on the number of calls to the subroutine.
THEOREM 4.1. Suppose that Assumptions 1 through 4 hold. Let (Bo,0,e,71,72) be the input of Algo-
rithm 8 and {(x*,y*,2")}1>0 be the generated sequence. Then dist(0,0Lg, (x*1,2*)) < ey for each k > 0.

Suppose &€ = min {5,

cu(o—1)

8o+1

2
< {57 24B, (u+Br By)

©w

}, Vk>0. Let ey, =& for all k > 0. Then after at most

K — 1 iterations, Algorithm 8 will produce an e-KKT point of (1.1), where

(4.1)

K = max { [loga

Boe

9|z |? 8[lz" | 4
—L, [logg Bos —L, [1ogcr 505—‘+} + 1.

In addition, the output multiplier vector z satisfies

= * o2 * *
1Z[| < 2]lz*|| + y/ 22 max {3[|z7, 2v/2[lz*], 2}.

(4.2)

Proof. For each k > 0, define

(4.3) Ok(x) = g(x) +

B

7k

2 H(x) = F(x) +
k

B
2

8GOl oy = £G4 5 (57000 - 51517 )
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When m = 1, if (x**1, y**1) is obtained in Line 6 of Alg. 8, then we have from Theorem 3.10 that

dist (0, @y (xMH, ykH1)) < 40

g9

;and [0 (x(y" )] — yH ] < 6,

where x(y*™!) = arg min, ®5(x,y**!). Furthermore, notice that if 5 32 > 1, we will do Line 10 in Alg. 8

to obtain a new x"T1 that satisfies dlst(O,a,((I)k( k“,y’““)) < Now by Lemma 3.5 and the choice of
Ok = 355, e have dist (0, 0x L, (xF11,2%)) = dist(0,8¢k(xk+1)) <ep.
8(H+BkB )

When m > 1, by the choice of €, and J, it holds dp <

k
Theorem 3.15 and Lemma 3.5 to show dist (0, OxLp, (xFH1] zk)) < ¢, by the same arguments as in the case
of m=1.

for each k. Hence, we can use

Therefore, for m > 1, if ¢ = £ for all &k, we have from Theorem 2.6 that the inequalities in (2.9) and
* (12
(2.10) hold. By the choice of &, it holds 52,1(?;+11)) < £. Since K — 1 > log, 9”z ” , then 2?3!;(” r < 5, and

T K f(f-i'l)) (e=1)
thus we have from (2.10) that > ;- |25 g;(x*)| < e. In addition, noticing et <landé< BT
we have (/o + 1),/ (G iy < Ve, and thus (2.9) implies

G| < pomseds + 22—

Now by the setting of K in (4.1), we have that both terms on the right hand side of the above inequality
are no greater than /2. Hence, ||[g(x%)]1| < &, and thus xX must be an e-KKT point of (1.1).

To show (4.2), we have from the second inequality in (2.8) and the fact e =& < 4/ E’”;(U )

F1 o0
2 2 gk * 2 k
2| < 2] + /22 2L < g+ 2zt k> 1.

Hence, for each 1 < k < K with the K given in (4.1), it holds

ok * 2 *
2% < 20127 || + /255 < 20l27]| + \/ 22y max {3]|z*, 2¢/2[[z*], 2}

Since the output z must be one of {zk}ff:l, we complete the proof. O

YV k that

By Theorem 4.1, we establish the overall iteration complexity of Algorithm 8 to produce an e-KKT
point of (1.1). Notice that if m = 1, the complexity result in Theorem 3.15 is in the same order as that in
Theorem 3.10. Hence, we state the complexity result of Algorithm 8 for m =1 and m > 1 together.

THEOREM 4.2 (oracle complexity). Suppose that Assumptions 1 through 4 hold. Let (5o, 0,€,71,72) be

ep(o—1)
8c+1 —

the input of Algorithm 8 and {(x*,y*,2*)} k>0 be the generated sequence. Suppose & = min {5,

{ 24B, (u+ 8 B2)
)

m }, Vk>0. Let e, =€ for allk > 0. Then to produce an e-KKT point of (1.1), Algorithm 8

%Hogep(logm—l— |logel)) evaluations on f, Vf, g, and Jg.

Proof. Let K be the integer given in (4.1) and L,x = L+ L, max{1,4|/z*|| +2||z*||} for 0 < k < K —1. Also,
let Ty be the number of evaluations on f, Vf, g, and Jg during the k-th iteration of Algorithm 8. From
Theorem 3.10 and the setting 0y, = 3 B B , we have that the complexity incurred by Line 6 of Algorithm 8 is

20
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O(/ Lﬁ'ﬂ loge|?). Also, from Theorem 3.15, the complexity incurred by Line 8 is O((m/ L;k |loge|(logm +

|loge|)) by noting log R = O(|logel). In addition, the complexity incurred by Line 10 is O(y/ LZ’“ |logel).
From (2.8) with &, = £,V ¢, it follows ||z*|| = O(||z*|)), and thus L,x = O(Ls+Ly(1+]z*[))) for 0 < k < K—1.
Therefore, T, = O(m WHOQ‘gd(Iogm + |loge])). Since K = O(|loge|) in (4.1), the total

complexity is ZkK:_Ol Ty = O(my/ M| loge|*(logm + |logel)), which completes the proof. O

REMARK 4.1. If By is taken in the order of L, then K = O(1) in (4.1). In this case, the total oracle

complexity of Algorithm 8 is O(m\ / M| log e|(logm + | log E|)) to produce an e-KKT point. The
compleity result is in a lower order than the best one O(e~2) in the literature if m = O(e~%) with q < i
This affirmatively answers the question we posed in the beginning. Notice that finding an approzimate VC
of a polytope in Algorithm 6 takes ©(m?) operations by the Newton’s method, as the number of constraints
defining each polytope is ©(m) as shown in [1]. This cost can be negligible for high-dimensional problem, i.e.,
when n is very big, for which case the cost of querying an oracle can be much higher. Take the quadratically-
constrained quadratic program in (6.1) as an example. Computing the gradients of the objective and constraint
functions needs ©(mn?) operations, far more than ©(m3) if n>> m.

5. Extensions to convex or nonconvex problems. In this section, we extend the idea of the cutting-
plane based FOM to constrained problems with a convex or nonconvex objective. Similar to the strongly
convex case, we show that FOMs for solving problems with O(1) nonlinear functional constraints can achieve
a complexity result of almost the same order as for solving unconstrained problems.

5.1. Extension to the convex case. We still consider the problem in (1.1). Suppose that the condi-
tions in Assumptions 1 and 2 hold. Instead of the strong convexity in Assumption 3, we assume the convexity
of f in this subsection.

Given a target accuracy € > 0, to find an e-KKT point of (1.1), we follow [15] and solve a perturbed
strongly-convex problem:

(5.1) min F(x) 1= [-(0) + h(x), 5.t g(x) = [01(x), -, gm (0] 0,
where
(5.2) fo(x) = f(x) + ﬁ”x — Y12 with x° € dom(h).

Let x € dom(h) be an §-KKT point of (5.1), i.e., there is z > 0 such that

dist (0,04 L0(%,2) + 55 (x —x*)) <5, [gR] <5, Tl <5,

where Ly is the Lagrange function of (1.1). Since |55-(X — x%)|| < £, (X,z) must satisfy the conditions in
(1.5), and thus x is an e-KKT point of (1.1). Based on this observation, we can apply Algorithm 8 to the
perturbed problem (5.1). By Theorem 4.2 and noticing that f. in (5.2) is 21%;1 -strongly convex, we obtain
the following complexity result.

THEOREM 5.1 (complexity result for convex cases). Assume that the conditions in Assumptions 1
and 2 hold and that f is convex. Given € > 0, suppose that (5.1) has a KKT point X% with a corresponding

multiplier z%. Apply Algorithm 8 to find an 5-KKT point X of (5.1). Then X is an e-KKT point of (1.1), and

S22 )
1>

the total number of evaluations on f, Vf, g, and Jg is O(m\/Dh (Lf+L
21

|loge|?(logm + |logel)).



5.2. Extension to the nonconvex case. In this subsection, we assume Assumptions 1 and 2 but
do not assume the convexity of f. For the nonconvex case, we follow [19] and design an FOM within the
framework of the proximal-point method, namely, we solve a sequence of problems in the form of

(5.3) GRS argeglin{Fk(x) = f(x) + Ly|jx — %"||? + h(x), s.t. g(x) := [g1(x), ..., gm(x)] <0},
XER™

Under Assumptions 1 and 2, the above problem is convex, and its objective is L s-strongly convex. Hence,
we can apply Algorithm 8 to find x**!. Let x**! be the unique optimal solution to (5.3). To ensure the
existence of a corresponding multiplier for each k and also a uniform bound, we assume the Slater’s condition
on the original problem (1.1).

ASSUMPTION 5 (Slater’s condition). There is Xfeas € relint(h) such that g;(Xfeas) < 0 for all i =
1,....,m.

With the Slater’s condition, the solution x¥*! to (5.3) must be a KKT point (cf. [34]). Let z¥*! > 0 be
a corresponding multiplier. We give a uniform bound of z**! below.

LEMMA 5.2 (uniform bound of multipliers). Assume Assumptions 1, 2, and 5. Let x* be a minimizer
of (1.1), and let x**1 be the KKT point of (5.3) with a corresponding Lagrangian multiplier z81. Then

*

(5.4) ”z§+1” < B, := F(xfcas)fF(x*)JrLfD;"L’v'lC > 0.

min; (_g'i (xfeas)
Proof. From the KKT system, we have that
(5.5) = 2 ()i Ve (k) € OF(xET), (e igi(x) = 0,vi=1,...,m.

Then we have

V

221(Zf+1)i9i(xfea5) = Z£1(25+1)i (gi(xf+1) + <Xfeas - X’:+1v Vgi(XI:Jrl»)
= <Xfeas - Xf—i_lv Z?;(Zf’Ll)ngi(Xf’Ll»

(56) Fk(xf—i_l) - Fk(Xfeas)a

Y

where the first inequality is from the convexity of each g; and the nonnegativity of z**!, the equality holds
because of the second equation in (5.5), and the last inequality follows from the convexity of Fj and the first
equation in (5.5).
Since the diameter of dom(h) is Dy, it holds that
*Fk(xﬁl) + Fi(Xteas) = F'(Xteas) + Lf[|Xteas — ikHQ - F(XI:JFI) - LfHX’:Jrl - ikHQ

(5.7) < F(Xfeas) — F(x*) + Ly D3,
Notice F(x¥T1) > F(x*). Hence, F(Xfeas) — F(x5T1) < F(Xfeas) — F(x*), and from (5.7), it follows that
—Fk(xfﬂ) + Fi(Xfeas) < F(Xfeas) — F(x*) + LfD,%. Now we have from (5.6) that

_ k+1 _ * 2
||z§+1||1 S Fr (x5 )+ Fr (Xfeas) < F(Xfeas)—F (x")+Lys D},

min; | —gi(Xfeas) o min, _gi(xfeas))

K
and we complete the proof by [zF+1||y < ||zF+1|;. O

Similar to our discussion in section 5.1, we notice that if x**1 is an 5-KKT point of (5.3) and also
2L¢||x* ! — x*|| < £, then X! is an e-KKT point of (1.1). Below, we show that the sum of [|[x*** — x*¥||2
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k+1 is obtained with sufficient accuracy, and thus a near-KKT point of (1.1) can

can be controlled if each X
be produced.
THEOREM 5.3 (complexity result for nonconvex cases). Assume Assumptions 1, 2, and 5. Let x* be a

minimizer of (1.1). Let e > 0 be given and X° € dom(h). Generate the sequence {(X*,z")}x>1 by applying

Algorithm 8 to (5.3) with the target accuracy € = min {§, Wi-ﬂf}z)}’ where
(5.8) B, :=2B, + /£ max {3B,, 2v/2B,, 2},

with B, defined in (5.4). Then after solving at most K prozimal point subproblems as that in (5.3), we can
find an e-KKT point of (1.1), where

%) —F(x* 24 B, %0
(5.9) K — [128@@“( J=P(x")+ 1L Di +Bs 5 M)}_

In addition, the total number of evaluations on on f, Vf, g, and Jg is O(%|loge|*(logm + |logel)).
Proof. Since each (x*+1,z"*1) is an output from Algorithm 8 apphed to (5.3) and with a target accuracy &,
then x**! is an &KKT pomt of the problem in (5.3), and thus there is a subgradient V Fj,(x**1) € 9F},(x k‘“)
such that

(5.10) IVE) + Jg (& ha | <&, gl <& vk > 0.
From the first inequality in (5.10) and recalling that the diameter of dom(h) is D, we have

< L gk (R 4 JT( ktlyg k+1> < D)é.
Hence, by the L ¢-strong convexity of Fj, and convexity of each g;, we have
Dy > < k1 gk R (RFTL) 4 JT( k+1)ik+1>
> Fi(R) = Fp(x9) + 2 — =) 4 (@ g(2*) - g(x)
(5.11) = F(RFF1) — F(RF) + 252 |91 — 9|12 4 (2547, g(x41) — g(%5)).

By (4.2) and (5.4), we have ||z"11]| < B,,Vk > 0, where B, is given in (5.8). Hence, it follows from the
second inequality in (5.10) that (z**! g(x k“) g(x*)) > —22B,,Vk > 1. Now summing up (5.11) gives
(5.12) LDy %M = %P2 < KDpé + F(X0) — F(X5) + (2K — 1)éB, + B, ||[g(x%)]+ |

where we have used (z',g(x")) < [|2' - [[g(x%)]+ || < Belllg(x")]+]-
Because x& is a KKT-point of (5.3) with a corresponding multiplier zX, we have from (1.4) that

Fr 1 (X5) — Fr o (x5) + <zf,g(iK)> > 0.
Plugging Fx_1(-) = F(:) + Ly|| - —x¥~1||? into the above equation gives
F(x") + Ly|x" = xF7H2 = F(xE) = Lyllx = %5712 + (25, g(%)) > 0.

Now using (5.4), ||g(x¥)| < &, x5 — %K~ 1H2 < D%, and the fact F(xX) > F(x*), we have from the above
inequality that —F(x) < —F(x*) + Lth +éB,. ThlS inequality together with (5.12) gives

(5.13) B SRR — %F|2 < KDyé + F(X0) — F(x*) + Ly D} + 2KEB, + B,||[g(X%)]+ .
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Multiplying Ly to both sides of the above inequality and taking square root, we have

: kel ok 2 L oR 7 5 Ly (F(x°) = F(x*)+L; D3 + Bal|[g(x°)]4 ||)
(5.14) odin L[ —x7|| < \/ELf(DhE +2B,8) + \/3 Lok :

Therefore, by the setting of £ and K, we have ming<<x Ly[x* —x*|| < £. Suppose Ly||xFoT —xko|| < £.
Then by our discussion above Theorem 5.3, x¥+! is an e-KKT point of (1.1). From Theorem 4.2, the
complexity of solving one problem as that in (5.3) is O(m|logel*(logm + |loge])), and thus the total
complexity is O(Km|loge|?(logm + |logel)) = O(Z|loge|*(logm + |loge|)). This completes the proof. [

6. Experimental results. In this section, we demonstrate the established theory by performing nu-

merical experiments on solving quadratically-constrained quadratic program (QCQP):

(6.1) m]iRn 3x"Qox+x"co, st 3x ' Qyx+x"cj+d; <0,j=1,...,m; z; € [l,u;],i=1,...,n.
xER™

In the experiment, Qq is generated to be positive definite, Q; is positive semidefinite but rank-deficient for

each j =1,...,m, and [; = —10 and u; = 10 for each i. All d; are negative so the Slater’s condition holds.

In addition, we conduct tests on solving the elastic-net regularized Neyman-Pearson classification problem
. A

(6.2) in N7 aen, 10g(1 +exp(—aTx)) + Mlx[1 + Fx]?, s.t. = Y aen log(l+exp(a’)) < a,

where N, and N_ respectively denote the sets of positive and negative samples, and N, and N_ are their

cardinality. The tests in sections 6.1 and 6.2 are conducted on a quad-core iMAC with 8 GB memory, and
those in section 6.3 are conducted on a Windows PC with 10 CPU cores and 128GB memory.

6.1. Comparison of different first-order iALMs. We first compare two implementations of the
iALM in Algorithm 1 to solve (6.1). One directly applies the APG method in Algorithm 2 to solve each
ALM subproblem, and we call it “APG-based iALM”. The other uses the proposed cutting-plane based FOM
to solve subproblems, namely, we implement Algorithm 8 | and we call it “cutting-plane iALM”. For both
implementations, we set 3, = 10¥~! for each outer iteration & > 1 and run the iALM to 5 outer iterations.
The target accuracy for a near-KKT point is set to ¢ = 10~%. In the implementation of the APG-based
iALM, due to the quadratic penalty term, we apply Algorithm 2 with line search for a local smoothness
constant and set the parameters to 73 = 1.5,y = 2, Lyyin = 1. In the implementation of the cutting-plane
iALM, we use Algorithm 2 to solve problems in the form of (3.5), for which we can explicitly compute the
global smoothness constant, and thus we simply set Ly, to the global smoothness constant. In addition,
we set 7 = 2 in Algorithm 6 when it is called. Notice that Algorithm 6 works for any 7 > 0.007. However,
empirically we find that a small 7 will result in more calls to the separation oracle, while a too-big 7 will
cause trouble for finding a sufficiently accurate VC. 7 = 2 gives a good trade off.

We test three groups of QCQP instances, each of which has n = 1000. The first group has m =1
constraint, the second has m = 2, and the third has m = 5. For each group, we conduct 3 independent
trials. For each instance, we report the number of gradient and function evaluations, the primal residual,
dual residual, and complementarity violation, which are denoted as #grad, #func, pres, dres, and compl, for
solving each ALM subproblem. In order to demonstrate the worst-case theoretical result, we use randomly-
generated initial point while solving each ALM subproblem. The performance of the iALM can be much
better if the warm-start technique is adopted. The results are shown in Tables 1-3. For the cutting-plane
iALM, its #func. is zero and not shown in the tables, because we feed the APG an explicitly-computed
smoothness constant and no line search is performed.
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From the results, we see that as the penalty parameter increases, the APG-based iALM needs significantly
more iterations to solve the subproblems, while the cutting-plane iALM does not suffer from the big penalty
parameter. However, the cutting-plane iALM has worse scalability to m, and this matches with our theory.

TABLE 1
Results by the APG based first-order iALM and the proposed cutting-plane based first-order itALM for solving QCQP (6.1)
with m =1 and n = 1000.

‘ H APG-based iALM ‘ proposed cutting-plane iALM ‘
[outIter | B [ #grad  #func pres dres compl [ #grad pres dres compl |
trial 1 total running time = 774.2 sec. total running time = 12.4 sec.

1 5056 9420 5.13e-02  9.65e-05 2.63e-03 | 2136 5.13e-02  6.40e-11  2.64e-03
10 16802 31298 1.65e-06  9.46e-05 8.46e-08 | 1434 4.23e-07  9.20e-11  2.17e-08
102 | 55359 103112 5.40e-08  9.77e-05 2.77e-09 | 1068 4.22e-10  2.63e-10  2.17e-11
10® || 179877 335030  6.51e-09  9.96e-05 3.34e-10 | 1080  0.00e+00 1.74e-08 4.84e-11
10* || 584145 1087988 0.00e+00 9.95¢-05 4.57e-11 | 1104 2.29e-11  9.23e-09 1.17e-12

trial 2 total running time = 760.0 sec. total running time = 12.1 sec.

U= W N =

1 1 4969 9258 5.78¢-02  9.78¢-05 3.34e-03 | 1926  5.78¢-02  4.94e-09  3.34e-03
2 10 16466 30672 2.10e-06  9.99¢-05 1.21e-07 | 1440  5.85e-07  3.41e-10  3.38e-08
3 10% || 54617 101730  4.57e-08  9.85¢-05 2.64e-09 | 1050  0.00e+00 7.90e-09  4.03e-10
4 10% || 177171 329990  6.44e-09  9.93e-05 3.72e-10 | 1074  0.00e+00 2.18e-07 1.42e-10
5 10* || 580377 1080970 0.00e+00 1.00e-04 4.06e-11 | 1104  2.75¢-10  1.84e-09 1.59¢-11
trial 3 total running time = 780.9 sec. total running time = 12.4 sec.

1 1 5100 9502 4.37e-02  9.66e-05 1.91e-03 | 2088  4.37e-02  2.53e-09 1.91e-03

10 17035 31732 0.00e+00  9.33e-05 8.08e-08 | 1428 4.34e-07  7.52e-09  1.90e-08
3 10% || 56348 104954  1.43e-07  9.79e-05 6.25e-09 | 1092  0.00e+00 2.75e-13  2.36e-10
10% || 182583 340070  0.00e+00 9.63e-05 5.12e-10 | 1122 4.33e-09  4.76e-07  1.89e-10
10* || 595012 1108228 1.81e-10  9.99e-05 7.92e-12 | 1164  0.00e+00 1.88e-09 2.0le-11

(SR

TABLE 2
Results by the APG based first-order iALM and the proposed cutting-plane based first-order iALM for solving QCQP (6.1)
with m = 2 and n = 1000.

APG based iIALM proposed cutting-plane iALM
out.Iter ‘ B8 #grad #func pres dres compl | #grad pres dres compl
trial 1 total running time = 1348.0 sec. total running time = 51.0 sec.

1 5551 10342 4.45e-02  8.71e-05 1.40e-03 | 3342  4.45e-02  1.06e-09 1.40e-03
10 18330 34144 0.00e+00  9.62e-05 6.47¢-08 | 3384  3.19e-07  9.17e-09  9.98e-09
10% | 59680 111160  8.81e-08  9.77e-05 2.71e-09 | 3522  6.01e-09 9.15e-10 2.44e-10
10% || 194236 361774  0.00e+00 9.94e-05 9.15e-11 | 3582 1.36e-10  3.84e-09 6.17e-12
10* || 629359 1172200 0.00e+00 9.99¢-05 7.65e-12 | 3678 2.66e-11  1.60e-09 8.13e-13
trial 2 total running time = 1299.4 sec. total running time = 49.5 sec.

1 5362 9990 6.60e-02  9.05e-05 3.10e-03 | 3180  6.60e-02  8.27e-09  3.10e-03
10 17646 32870 2.74e-06  9.26e-05 1.34e-07 | 3282  6.17e-07 2.67e-10 2.91e-08
10% | 57832 107718  1.41e-08  9.82e-05 2.79e-09 | 3372 5.91e-10  9.05e-11  2.61e-11
10° || 187544 349310  0.00e+00 9.88¢-05 2.70e-10 | 3450  4.97e-10  6.76e-09  2.34e-11
10* || 606432 1129498 9.88e-11  9.97e-05 7.38e-12 | 3528 1.82e-11  5.23e-09  1.95e-12

trial 3 total running time = 1337.1 sec. total running time = 49.2 sec.

1 5464 10180 5.50e-02  9.51e-05 2.25e-03 | 3156 5.50e-02  6.27e-09  2.25e-03
10 18039 33602 1.78¢-06  9.90e-05 8.15e-08 | 3324 5.16e-07  1.76e-10  2.07e-08
10% | 59505 110834  2.88¢-08  9.95¢-05 1.86e-09 | 3384 5.93e-09  8.30e-09  2.49e-10
10° || 192301 358170  3.78e-09  9.99e-05 1.45e-10 | 3504  0.00e+00 1.02e-09 3.00e-11
10* || 627235 1168244 6.8le-11  1.00e-04 9.17e-12 | 3528 5.23e-11  2.78e-09  1.70e-12

U= W N =

T W N =

T W N =

6.2. Comparison to a primal-dual method with line search. In this subsection, we compare the
proposed cutting-plane based iALM to the primal-dual method with line search in [12] on solving (6.1) and
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TABLE 3
Results by the APG based first-order iALM and the proposed cutting-plane based first-order iALM for solving QCQP (6.1)
with m = 5 and n = 1000.

‘ H APG based iALM ‘ proposed cutting-plane iALM ‘
‘ out.Iter ‘ I} H #egrad  #func pres dres compl ‘ #grad pres dres compl ‘
trial 1 total running time = 2833.1 sec. total running time = 156.8 sec.

1 5537 10316  7.93e-02  9.91e-05 2.90e-03 | 6714  7.93e-02 2.91e-09  2.90e-03
10 18417 34306  1.12e-06 9.83e-05 4.28e-08 | 6984  8.93e-07 4.32¢-09  3.27e-08
10% || 60058 111864 5.83e-08 9.62e-05 2.25e-09 | 7158  4.64e-09 1.50e-09  2.02e-10
10° || 195894 364862  3.14e-09 9.88¢-05 1.64e-10 | 7314  4.37e-10 4.28e-09 1.64e-11
10* || 640357 1192684 9.40e-10  9.97e-05 3.51e-11 | 7614  2.79e-11 8.77e-09  1.74e-12
trial 2 total running time = 2786.0 sec. total running time = 160.7 sec.

1 5537 10316  6.77e-02 8.21e-05 2.42e-03 | 6900  6.77e-02  6.16e-09 2.42e-03
10 18170 33846  6.24e-07  9.21e-05 2.43e-08 | 7110  7.39e-07 2.64e-09  2.75e-08
10% || 59607 111024  2.66e-08 9.73e-05 1.71e-09 | 7224  2.81e-09 9.46e-09  1.90e-10
10% || 194483 362234  1.21e-08 9.99e-05 3.19e-10 | 7512  6.6le-10 4.34e-09 2.53e-11
10% || 636109 1184772 7.58e-11 9.94e-05 1.76e-11 | 7698  3.94e-11 7.84e-09 1.73e-12
trial 3 total running time = 2820.0 sec. total running time = 155.3 sec.

1 5595 10424  8.47e-02 8.51e-05 3.26e-03 | 6594  8.47e-02 9.82e-09 3.26e-03
10 18461 34388  7.78¢-07  9.55e-05 3.07e-08 | 6882  8.64e-07 5.52e-09  3.33e-08
10% || 60422 112542  3.78e-09 9.93e-05 4.10e-09 | 7116  3.42e-09 1.52e-10 1.83e-10
10 || 196869 366678  7.70e-09 9.87e-05 3.05e-10 | 7260  7.35e-11 5.28¢-09 1.91e-11
10% || 640997 1193876 3.63e-10 9.95¢-05 1.37e-11 | 7488  6.86e-11 6.05e-09 2.72e-12

T W N

T W N =

U= W N =

on solving (6.2). The latter is called APDB. It is a single-loop first-order method and can achieve the optimal
complexity result 0(5*%) for solving strongly-convex problems with nonlinear functional constraints.

In the experiment for solving (6.1), we generate three groups of QCQP instances in the same way as
that in the previous test, and in each group, we conduct 10 independent trials. The setting of the proposed
iALM is the same as in the previous test. For APDB, we set 79 = 1, 7 = 0.7 and select the best 7y from
{0.1,0.01,0.001}; see Algorithm 2.3 in [12] for the specific meaning of these parameters. In order to have
a fair comparison, we terminiate APDB once it produces a 1078-KKT point. The results are plotted in
Figure 1. From the figure, we see that when m = 1 or m = 2, the proposed iALM needs fewer gradient
evaluations than APDB to give a solution of similar or higher accuracy, and when m = 5, APDB needs fewer
gradient evaluations. In addition, different from the proposed iALM, APDB needs fewer gradient evaluations
as m increases. Hence, APDB may be even more efficient than the proposed iALM as m further increases.

In the experiment for solving (6.2), we use arcene and spambase datasets, both of which are from UCI
repository!, and we set o = 0.5. Each sample is normalized. In order to achieve at least 90% prediction
accuracy for the positive dataset, we tune the regularization parameters to A\; = Ay = 1073 for the arcene
dataset and to A\; = Ay = 10~% for the spambase dataset. The APDB is applied to a saddle-point problem
formulated by using the ordinary Lagrangian function of (6.2). As the logistic loss function has bounded
gradient and Hessian, we explicitly compute the global Lipschitz constants and adopt constant stepsize for
both APDB and the proposed iALM. We set £, = 10*~! for iALM and run it to 5 outer iterations. The
target accuracy for a near-KKT point is e = 107°. For APDB, we set the maximum number of iterations to
10° and terminate it if an e-KKT solution is produced. In the saddle-point formulation solved by APDB, we
set an upper bound of its dual variable to the twice of the value of the dual variable returned by the iALM.
This known upper bound benefits APDB. The results are reported in Figure 2, from which we see that the
proposed iALM takes significantly fewer gradient evaluations than APDB to produce a similarly-accurate

IThe data can be downloaded from https://archive.ics.uci.edu/ml/datasets.php.
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F1G. 1. Results by the proposed cutting-plane based iALM and the APDB method in [12] on solving QCQP instances of size
n = 1000 and m € {1,2,5}. The solid curve in each figure plots the mean of 10 independent trials. First row: m = 1; Second
row: m = 2; Third row: m = 5. First column: primal residual; Second column: dual residual; Third column: complementarity

violation.
0 5 5
—%— proposed iALM —%— proposed iALM —%— proposed iALM
@ —— APDB @ ——APDB 2 o0 ——APDB
o 5 o 0 £
(=3 . e o
3 3 S 5
o -10 S 5 3
o o 8 -10
-15 -10 -15
2 4 6 2 4 6 2 4 6
number of gradients 104 number of gradients  , 10% number of gradients . 10%
0 5 5
—%— proposed iALM —%— proposed iALM —%— proposed iALM
@ ——APDB % 0 —— APDB S 0 —— APDB
o 5 [ £
(=3 =) [=}
3 % -5 L 5
— — o
o -10 = Vv o
2 2 .10 3 -10
-15 15 -15
1 2 3 4 1 2 3 4 1 2 3 4
number of gradients 104 number of gradients  , 10% number of gradients . 10%
5 5 5
—%— proposed iALM —%— proposed iALM —%— proposed iALM
%> 0 —— APDB @ ——APDB 2 0 ——APDB
IS 0 E
(=X =) o
< 5 3 & 5
g 5 5 e
o -10 4 ° g -10
v - 4
15 -10 -15
1 2 3 1 2 3 1 2 3
number of gradients 104 number of gradients . 10% number of gradients . 10*

KKT solution. Moreover, we achieve 91.67% accuracy for the positive samples and 83.33% for the negative
samples in the arcene dataset, and the final obtained solution has only 427 nonzeros out of 10,000. For the
spambase dataset, we achieve 90.89% accuracy for the positive samples and 74.44% for the negative samples,
and the final solution has 51 nonzeros out of 57 because a small regularization parameter is used.

6.3. Comparison to the interior-point method. In this subsection, we compare the proposed
cutting-plane iALM to SDPT3 [36] on solving (6.1). SDPT3 is a primal-dual infeasible interior-point method.
Interior-point methods can give high-accurate solutions to convex problems but do not often have a good
scalability to the problem dimension. In this test, we generate instances of (6.1) with m = 2 and n €
{1000, 5000,10000}. For each (m,n), we generate 5 QCQP instances independently in the same way as
that in previous tests. The parameters of the proposed iALM are set the same as previously, except how
we choose the global smoothness constant of (3.5). Notice that for the QCQP (6.1), the corresponding
subproblem (3.5) has the Hessian matrix H = Qo + >\, ¥;Q;. A tight smoothness constant is [|[H|. For
a small n, computing the spectral norm is not so expensive. However, it can be very expensive when n is
big. Hence, we set the global smoothness constant to |[HJ| for n = 1000 and to [|Qo|l + > i, vil|Qq| for
n € {5000,10000}. Since y changes during the proposed iALM, the former setting needs to compute the
spectral norm of a sequence of n x n matrices, while the latter one only needs to compute {||Q;ll}o<i<m
once at the beginning of the algorithm. This way, we can save the time of computing the spectral norm but
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FIG. 2. Results by the proposed cutting-plane based tALM and the APDB method in [12] on solving instances of Neyman-
Pearson problem (6.2) with arcene dataset (first row) and spambase dataset (second row). First column: primal residual;
Second column: dual residual; Third column: complementarity violation. T Missing parts on the curves by APDB correspond
to zero residuals, and for spambase, the primal residual by the proposed iALM at the last outer iteration is zero.
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will obtain larger smoothness constants that lead to smaller stepsize and eventually result in more gradient
evaluations. We call SDPT3 by using CVX [11] and set the precision to “high”.

To compare the performance of the cutting-plane iALM and SDPT3, we report their running time and
violation to the KKT system at the output solution. For the former method, we also report its number of
gradient evaluations. The results are shown in Table 4. From the table, we see that the cutting-plane iALM
can yield similarly or more accurate solutions than SDPT3. When n = 1000, SDPT3 is significantly faster,
but for n € {5000,10000}, the cutting-plane first-order iALM takes much shorter time than SDPT3.

7. Concluding remarks. We have proposed a cutting-plane based first-order method (FOM) for
solving strongly-convex problems with m functional constraints. If m = O(1), our method can achieve
a complexity result of O(y/k), where x denotes the condition number of the underlying problem in some
sense. In general, a complexity result of O(m/k) has been established. To give an e-KKT point, our result
is better than an existing lower bound if m = 0(5_%). We have also extended the idea of the cutting-plane
based FOM to convex and nonconvex cases. Similarly, when m = O(1), we obtained almost the same-order
complexity results (with a difference of a polynomial of |logel) as for solving an unconstrained problem.
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