REDUCING THE COMPLEXITY OF TWO CLASSES OF
OPTIMIZATION PROBLEMS BY INEXACT ACCELERATED
PROXIMAL GRADIENT METHOD*

QIHANG LINT AND YANGYANG XU?

Abstract. We propose a double-loop inexact accelerated proximal gradient (APG) method for
a strongly convex composite optimization problem with two smooth components of different smooth-
ness constants and computational costs. Compared to APG, the inexact APG can reduce the time
complexity for finding a near-stationary point when one smooth component has higher computational
cost but a smaller smoothness constant than the other. The strongly convex composite optimiza-
tion problem with this property arises from subproblems of a regularized augmented Lagrangian
method for affine-constrained composite convex optimization and also from the smooth approxima-
tion for bilinear saddle-point structured non-smooth convex optimization. We show that the inexact
APG method can be applied to these two problems and reduce the time complexity for finding a
near-stationary solution. Numerical experiments demonstrate significantly higher efficiency of our
methods over an optimal primal-dual first-order method by Hamedani and Aybat [SIAM J. Optim.
31 (2021), pp. 1299-1329] and the gradient sliding method by Lan et al. [arXiw2101.00143, 2021].
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1. Introduction. We consider composite optimization in the form of
(1.1) F* = m%{n {F(x) = g(x) + H(x)} with H(x) = h(x) + r(x),
xER™

where g is Lg-smooth and p-strongly convex with > 0, h is convex and Lp-smooth,
and r is closed convex with an easy proximal mapping and an easy projection onto
Or(+). This problem arises in many applications, e.g., sparse regression [65,82], multi-
task learning [15], matrix completion [8] and sparse inverse covariance estimation [16].
Besides (1.1) itself, we also study its application in the numerical schemes to solve
two classes of convex problems. One is affine-constrained composite optimization:

(1.2) ngRI}L f(x) +r(x), st. Ax =Db,

and the other is bilinear saddle-point structured non-smooth optimization:
1.3 i ,Ax) — .

(13) i {760+ 1) + s (v Ax) - 603}

In both problems, we assume that f is Ly-smooth y-strongly convex with p > 0 while r
is similar to that in (1.1). Also, ¢ is closed convex, has a bounded domain, and admits
an easy proximal mapping. For simplicity, we only consider equality constraints in
(1.2) in this section, but we will consider both equality and inequality constraints in
the main body of the paper as shown in (5.1). The applications of (1.2) can be found
in linearly constrained LASSO problems [17,30] and shape-restricted nonparametric
regression [11], and problem (1.3) arises in overlapping group LASSO [10,29,81], fused
LASSO [10,66] and robust principal component analysis [7].

Most of the existing works target at an e-optimal solution of (1.1), namely, a
solution x satisfying F'(x) — F* < e. In contrast, we aim at finding an e-stationary
solution of (1.1), namely, a solution % satisfying ||€|| < € for some € € OF(%). It
is easy to obtain an O(4/€)-stationary solution (see (3.15) below) from an e-optimal
solution, which, however, may not be a near-stationary solution. For example, T = ¢
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is an e-optimal solution of min, |z|, but it is not a near-stationary solution for any
€ > 0. On the contrary, an e-stationary point X of (1.1) is also an ¢||x — x*||-optimal
solution by F(X) — F(x*) < (€,x —x*) < [|§] - ||x — x*|| for any £ € OF(X), where
x* is one minimizer. In addition, an e-stationary solution can be verified in practice
more easily than an e-optimal solution. For this reason, we also focus on computing

e-stationary solutions (defined later in Definitions 5.1 and 6.1) of (1.2) and (1.3).

1.1. Composite subproblems/approximation. Both of (1.2) and (1.3) can
be solved by numerical procedures that solve instances of (1.1) as we discuss below.

We consider solving (1.2) by an inexact regularized augmented Lagrangian method
(iRALM), which performs the following update in the kth main iteration

: k : .
(1.4) xt+D ~ argegnn f(x)+r(x)+ (x\( ) Ax— b) + %HAX —b|* + £ [jx — x ()2,
XER™

Here x*) is the main iterate, A®) s the Lagrange multiplier, 8; > 0 is a penalty
parameter, and p, > 0 is a regularization parameter. It is easy to see that the
problem in (1.4) is an instance of (1.1) with

(15) g(x) = f(x) + & lx —x®|? and  h(x) = (A", Ax — b) + 5| Ax — b|]?
and the smoothness constants are L, = Ly + pj, and Ly, = SB[ A%
For (1.3), we use the smoothing technique by [54], which approximates (1.3) by

(1) i {7009+ 760 + s [(v,A%) - 6(3) ~ §lly ~ ¥}

and solves (1.6) using a smooth optimization method. Here, p > 0 is a smoothing
parameter, and y(*) € dom(¢). Again, we can view (1.6) as an instance of (1.1) with

(1.7) g(x)=f(x) and h(x)= max (v, Ax) — o(y) — §lly — vy U2,

and the smoothness constants L, = Ly and Lj, = ||A[|?/p.

We consider solving (1.2) and (1.3) by gradient-based methods which only need
to query (f,Vf) and (A(-),AT(-)) and use the proximal mappings of r and ¢. We
are interested in the oracle complezity of the studied methods, which is defined as the
numbers of queries that the methods make to (f, Vf) and (A(-), AT(-)), denoted by
Qr and Qa respectively, until an e-stationary point is found. Similarly, we define the
oracle complexity of a method for (1.1) as the numbers of queries it makes to (g, Vg)
and (h, Vh), denoted by Q4 and Q, respectively, until an e-stationary point is found.
In contrast to oracle complexity, we define the time complexity or cost of a numerical
procedure as the total number of arithmetic operations it performs. Additionally,
we focus on a practical scenario where the time complexity for querying (f, Vf) is
significantly higher than (A(-), AT(-)). This scenario arises from many applications
in statistics and machine learning, e.g., linearly constrained LASSO problems [17,30],
where querying (f, Vf) requires processing a large amount of data while querying
(A(-), AT(-)) does not involve any data and can be relatively easy.

1.2. Contributions. Our main contribution is to show that, when the time
complexity of querying (f, Vf) is significantly higher than (A(-),AT(-)), the known
time complexity in literature for finding e-statioanry points of (1.2) and (1.3) can
be further reduced if we solve (1.4) and (1.6) using an inexact accelerated proximal
gradient (iIAPG) method, which queries (f, V f) significantly fewer than (A(-), AT(-)).

Our iAPG is a double-loop variant of the APG [2,52,54,55,70]. When applied to
(1.1), the APG treats G := g + h as a whole and solves (1.1) by
(1.8)  x* Y = argmin (VG (y™),x — y®) + s lx = y 2+ r(x), for k>0,

x€ER™
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where y(®) € R™ is an auxiliary iterate and 7, > 0 is a step length parameter. By the
assumption made on r, (1.8) can be solved easily, e.g., in a closed form. When p > 0,
it is known (see e.g., [52]) that the APG finds an e-optimal solution for (1.1) with
Qy=Qr=0 (, / # In (é)) However, according to the instantizations in (1.5)
and (1.7), quering (g, Vg) has significantly higher time complexity than (h, Vh) in
both instances since the former requires quering (f, V f) while the latter only requires
quering (A(-), AT(-)). Given that, a potential strategy to reduce the time complexity
for solving (1.1), and thus (1.2) and (1.3), is to query (g, Vg) and (h, Vh) in different
frequencies so as to reduce @4, even if doing so may slightly increase Q.

To implement this strategy, one technique is to separate g and h by solving the
following proximal mapping subproblem in the kth iteration

(Lo)  x* = arg min (Valy™),x —y®) + 5 llx = y W + hix) + r(x).

Unlike (1.8), (1.9) typically cannot be solved explicitly. A practical solution is to
use an iterative method to solve (1.9) inexactly to a certain precision. This requires
a double-loop implementation. Note that (1.9) itself is a strongly convex instance
of (1.1) and thus can be solved inexactly by the APG in oracle complexity with
logarithmic dependency on the precision. By choosing an appropriate precision for
solving (1.9) in each iteration, we show that, when p > 0, our iAPG can find an
e-stationary solution of (1.1) with oracle complexity*

(1.10) _0(\/7111 )anth— (,/L“hl (1 )).

The iAPG has lower time complexity than the APG when L, is significantly larger
than L, and querying (g, Vg) is much more costly than (h, Vh).

According to (1.5), the iIAPG has lower time complexity than the APG for solving
(1.4) when B is much larger than py, which is indeed the case in the iRALM. As a
consequence, we show that the iRALM, in which (1.4) is solved by the iAPG, finds
an e-stationary point of (1.2) with oracle complexity?

(1.11) Qf:0< %1112 (é)) and QA:6< %ln(%)ﬁ—%).
Without the affine constraint Ax = b, it is shown by [51,52] that any gradient-based
method has to query (f, Vf) at least ( % In (%)) times to find an e-optimal point
of (1.2). With Ax = b, it is shown by [57] that any gradient-based method needs to
query (A(-),AT(-)) at least O(”A”) times. In either case, the oracle complexity of
the iRALM matches the correspondlng lower bound up to logarithmic factors.
Similarly, according to (1.7), the iAPG has lower time complexity than the APG
when p is small, which is true for the smoothing method. In fact, to obtain an e-
optimal point of (1.3) by solving (1.6), one needs to set p = ©(¢). In this case, we
show that, when p > 0, the smooothing method, where (1.6) is solved by the iAPG,
finds an e-stationary point of (1.3) with the same oracle complexity as in (1.11). This
complexity matches the lower bound [57] up to logarithmic factors.
Summary of contributions. We summarize our contributions mentioned above.
e We present an iAPG method for solving (1.1). It is a double-loop method where
the inner iterations are terminated using a computable stopping criterion based on
the stationarity measure of the solution. We prove the oracle complexity of the

IHere and in the rest of the paper, 0] suppresses some logarithmic terms.
2The factor In? (%) in Qs can be reduced to ln% if Bo = @(%) and pg = ©(e); see Remark 1.
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proposed iAPG is given in (1.10). When evaluating (g, Vg) has significantly higher
cost than (h, Vh) but L, is much smaller than Ly, the IAPG is superior to the APG
for solving (1.1). Compared to the existing iAPGs, e.g. [35], our analysis focuses
on the strongly-convex case which has important applications in (1.2) and (1.3).
Moreover, our method includes a line search scheme on the step length parameter
to improve the practical performance while other iAPGs do not.

e Applying the proposed iAPG to the subproblems of the iRALM for (1.2), we derive
in (1.11) the oracle complexity of the iRALM for finding an e-stationary solution.
This complexity is better than existing ones, e.g., [20, 73], when quering (f, Vf) is
significantly more costly than (A(-), AT(-)). The complexity in [41] is similar to
ours®. However, the inner loop of their method requires a pre-determined number
of iterations, which is often conservative and yields poor practical performance; see
the numerical results in Section 7. Additionally, we show that the iAPG combined
with the smoothing technique [54] can find an e-stationary solution of (1.3) with
oracle complexity in (1.11), which is also better than existing ones.

1.3. Notation. x®y denotes the component-wise product of two vectors x and
y. For any number sequence {a; }i>0, we define Zfikl a; = 0 and Hfikl a; =1ifky >
k2. The proximal mapping of a function r is prox, (z) := arg min, {1(|x — z|*> +r(x)} .
The distance of a point z to a set S is defined as dist(z,S) := minkes [|x — 2.

2. Literature review. The APG methods [2,52,54,55,70] are optimal gradient-
based methods for (1.1). However, the APGs cannot be directly applied to (1.2) due
to the affine constraints or to (1.3) due to the sophisticated non-smooth term. The
iAPG performs the similar updates as an APG except that the proximal mapping
subproblem (1.9) is solved inexactly by another optimization algorithm, making the
iAPG a double-loop algorithm. Different iAPGs have been studied in literature based
on different inexactness criteria when solving the subproblems [4, 31,34, 35,63, 71].

2.1. Related iAPGs. The iAPG in [63] assumes that an eg-optimal solution
of (1.9) can be found while the iAPG by [31] requires a solution of (1.9) that satisfies
an inexact criterion based on the O(e%/k?)-subgradient of H. Both papers assume
the summability of {x}. They analyze the number of outer iterations for finding an
e-optimal solution of (1.1) but not the oracle complexity for solving (1.9). In contrast,
we show the total oracle complexity for finding an e-stationary solution of (1.1), which
can be verified more easily than an e-optimal solution.

The iAPG by [31] can be directly applied to (1.2) by viewing r in (1.1) as an
indicator function of the constraint set of (1.2). This way, (1.9) becomes a quadratic
program with affine constraints. Then, an inexact semismooth Newton-conjugate gra-
dient method is applied to compute an inexact solution to (1.9) that approximately
satisfies the primal-dual optimality conditions. However, they only analyze the num-
ber of outer iterations but not the total oracle complexity.

When (1.1) is convex but not strongly convex, the iAPG by [71] minimizes the
duality gap of (1.9) using an APG method to find an approximate solution of (1.9)
satisfying an inexact condition defined with the ej-subdifferential of H. Choosing ¢, =
1/k9, it can find an e-optimal solution of (1.1) with oracle complexity @, = O(%)

and Qp = O(Eiq) for ¢ arbitrarily close to % Under the same setting, the iAPG by [4]
assumes an approximate solution to (1.9) that satisfies either an inexact relative rule

3The complexity in [41] is lower than that in (1.11) by a logarithmic factor. However, [41] targets
an g-optimal solution which is hard to verify.



2/¢
or an inexact extra-step relative rule. With oracle complexity Q4 = O(;g—//;), it finds
a solution to (1.1) whose e-subgradient has a norm no greater than ¢, which is weaker
than an e-statioanry point. They do not analyze the complexity for computing the
inexact solution to (1.9) so @y, is unknown.

The inner accelerated inexact composite gradient (IA-ICG) method and the dou-
bly accelerated inexact composite gradient (DA-ICG) proposed by [35] can be applied
to (1.1). Both methods apply a relaxed accelerated gradient (R-ACG) algorithm to
find a solution of (1.9) satisfying two error inequalities (see Problem B in [35]). When
(1.1) is convex but not strongly convex, the oracle complexities of the IA-ICG method
and the DA-ICG method for finding an e-stationary point of (1.1) are @, = O(%),

/ 2/3 / 1/6
Qn = O(%) and Qg = O(;g%), Qn = O(%:Lg/), respectively, the
latter of which is the best result in literature.

In contrast to [4,31,35,71], our work focuses on the case when (1.1) is strongly
convex. Our result is the best in the literature and complements the results by [35].
Moreover, our main studies are the applications of the proposed iAPG in (1.2) and
(1.3), which are not studied in [4,31,35,71]. Additionally, our method includes a line
search scheme for the step length parameter while those works do not consider.

2.2. Related methods for solving (1.2). The augmented Lagrangian method
(ALM) [27,60,61] and its variants [5,21-25,28,32,33,39,49,58,62,73-76] can be applied
to (1.2). The methods in [22, 33] require exact solution of ALM subproblems, i.e.,
(1.4) with pg = 0, which is not practical for many applications. Inexact (regularized)
ALMs are studied by [39,49,58,75] where (regularized) ALM subproblems are solved
inexactly by APG. When p = 0, these methods have oracle complexity @y = Qa =
O(%) and, when g > 0, the method by [75] has oracle complexity Qr = Qa = O(%)
An accelerated linearized ALM is studied by [73] where f in (1.2) is linearized in the
ALM subproblem. If the augmented term is also linearized so that the subproblem
can be solved exactly, the method by [73] has the same oracle complexity as [75] in
both the cases when p = 0 and when p > 0. If the augmented term is not linearized,
the methods by [5,23,25, 73] only need O(ﬁ) iterations even when p = 0, but the
ALM subproblem becomes challenging to solve exactly. The linearized ALM method
is analyzed in a unified framework together with other variants of the ALM by [62]
and is generalized for nonlinear constraints by [74]. The same complexity as [75]
is achieved in [62,74]. A cutting-plane based ALM is proposed by [76] which can

find an e-stationary point for (1.2) with oracle complexity Q@; = Qa = O( %) when

pw=0and Qr =Qa = 6(mln(%)) when g1 > 0, where m is the number of constraints.

Hence, its complexity is better than ours only when m = 0(5_%). A method similar to
ALM is studied in [46] for decentralized distributed optimization with the consensus
constraint, which is a special case of the affine constraints in (1.2).

The (linearized) Bregman methods [79,80] and their accelerated variants [28,33]
are equivalent to gradient-based methods applied to the Lagrangian dual problem of
(1.2). Similar techniques are explored in [14,18]. However, these methods require easy
evaluation of the proximal mapping of f, which limits their applications. For (1.2)
with a strongly convex but not necessarily smooth objective, a dual e-optimal solution
can be found by an accelerated Uzawa method [64] or an inexact ALM method [32]
within O(ﬁ) main iterations. However, the method in [64] requires solving a La-
grangian subproblem exactly and is thus impractical for general f. Although the
method by [32] only needs to solve ALM subproblems inexactly, the authors only
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analyze the total number of main iterations but not the overall oracle complexity.

Penalty methods [14,18,38,44] are also classical approaches for (1.2), where the
affine constraints are moved to the objective function through a penalty term and the
unconstrained penalty problem is then solved by another optimization algorithm like
the APG. The primal method in [14, 18] requires r = 0 and A is positive semidefinite
while the dual method in [14, 18] requires an easy evaluation of the convex conjugate
function of f, which limits the applications. When g = 0, [38] shows that, if the
penalty parameter is large enough, the penalty method finds an (g, e)-primal-dual
solution of (1.2) (see Def. 1 in [38]) with oracle complexity Qs = Qa = O(%). The
penalty method by [44] solves a sequence of unconstrained penalty problems with
increasing penalty parameters and only performs one APG iteration on each penalty
problem. It has oracle complexity Q@f = Qa = O(%) when p =0 and Qf = Qa =
O(ﬁ) when p > 0. The complexity results in [38,44] are higher than ours in both
cases. The penalty method has also been applied to distributed optimization problems
in [45] with consensus constraint, which is a special affine constraint.

By Lagrange multipliers, constrained optimization can be formulated as a min-
max problem to which the primal-dual methods [67-69, 72, 83], mostly based on
smoothing technique [54], can be applied. However, the methods by [67,69,72] require
a closed-form solution of prox, , while the method by [83] requires a closed-form so-
lution of the convex conjugate function of f, and thus they have limited applications.
The authors of [68] extend the algorithm and analysis in [67] by allowing prox, ; to be
evaluated inexactly. However, they do not include the oracle complexity for inexactly
evaluating the proximal mapping in their complexity analysis.

2.3. Related methods for solving (1.3). Smoothing techniques [1,3,54] are a
class of effective approaches for solving the structured problem (1.3). They construct
close approximation of (1.3) by one or a sequence of smooth problems, which are then
solved by smooth optimization methods such as the APG. When p = 0, the methods

by [1,3,54] find an e-optimal solution with complexity Qf = Qa = O(@ + 4/ %)
When p > 0, the adaptive smoothing method by [1] finds an e-optimal solution with

Qs =0Qa =0( % ln(%) + [‘/%), which is higher than our complexity given in (1.11)
when the query to (f, Vf) is significantly more costly than (A(-), AT(-)).

In the literature, (1.3) has also been studied as a bilinear saddle point problem [6,
9,12,26,53,84,85]. The methods in [6,9,53] require a closed form of the proximal
mapping of f +r and thus may not be applicable to (1.3). When u = 0, the methods
by [12,26,84,85] find an e-saddle-point (see Def. 3.1 in [26]) or an e-optimal solution
with the same oracle complexity as the smoothing methods mentioned above. When
w1 > 0, the method by [85] finds an e-optimal solution with the same oracle complexity
as the smoothing method [1]. Problem (1.3) has also been studied as a variational
inequality [13,50,70]. In particular, when g = 0, the mirror-prox methods in [50, 70]

Ly+lIAl )
g

find an e-optimal solution of (1.3) with complexity Q@ = Qa = O( , which is

later reduced to Qy = Qa = O(\/g—i— @) by [13].

For all the methods we discussed above for solving (1.2) and (1.3), the oracle
complexity is essentially the number of iterations the algorithms perform to find
the desired solution. Since all of those methods always evaluate both (f, Vf) and
(A(-),AT()) in each iteration, Q; and Q4 are the same for them. When the eval-
uation cost of (f,Vf) is significantly higher than that of (A(-),AT(-)), it will be
more efficient to query (f, Vf) less frequently than (A(-), AT(:)) without compro-
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mising the solution quality. This actually can be achieved using the gradient sliding
techniques [36,37,40,42,43,56], which compute the gradient of one (more expensive)
component of the objective function once in each outer iteration and process the
remaining components in each inner iteration. The iAPG in this paper utilizes a sim-
ilar double-loop technique to differentiate the frequencies of evaluating (f, Vf) and
(A(-), AT (")) and thus reduce Q. Although the idea behind the iAPG is similar to
the gradient sliding techniques, such a technique has not be studied for problem (1.2)
under an iRALM framework. Although (1.3) has been studied by [36,40], we consider
the case of p > 0, which is not covered in [36] and for which [40] needs to apply
the sliding method for convex cases in multiple stages. Moreover, except [42] which
terminates the inner loop based on a computable duality gap?, the existing gradient
sliding techniques must run the inner loop for a pre-determined number of iterations
which depends on some unknown parameters of the problem. On the contrary, we
terminate our inner loop based on a computable stationarity measure, which makes
our method more efficient in practice as we demonstrate in Section 7.

3. Inexact Accelerated Proximal Gradient Method with Line Search.
In this section, we consider (1.1) where g is p-strongly convex with® x> 0 and L,-
smooth (i.e. Vg is Lg-Lipschitz continuous), h is convex and Lp-smooth, and r is
closed convex and allows easy computation of prox,, (z) and dist(z’, dr(z)) for any
7',z € R® and n > 0. We assume that (g, Vg) is significantly more costly to query
than (h, Vh) and L, is significantly smaller than Lj,. We propose an iAPG for (1.1)
in Alg. 1, which is a modification of the APG in [52, Alg. 2.2.19], by including a line
search procedure (in Alg. 2) for the step length parameter 7, and solving the following
proximal mapping subproblem inexactly
xFHD oy x(FFD =
(3.1) , NG (k) m\ , 1 R 2
angmin { 8ciy ) = (Ta(r)x =y ) b gLy O 4 00 4160
x€eR™ Tk
The APG requires x**t1) = x,(kkﬂ), while our iAPG only needs x*+1) to be an -
stationary point, i.e., a point satisfying (3.2). Our line search procedure follows [47].
It can be shown that x*T1 produced by the iAPG is an e-optimal solution of
(1.1) if k is large enough and e decreases to zero in an appropriate rate. To generate
an e-stationary solution of (1.1), we just need to perform a proximal gradient step
from x(**1) using a separate step length 7, that can also be searched by the standard
scheme as in [2]. We present this procedure in Alg. 3 where G := g + h.

Algorithm 1: X**+Y) = iAPG(g, h,7,x* n_1,790, , L, (k) r>0,¢) for (1.1)
1 Inputs: The three components of (1.1): g, h and 7, x(% & dom(r), n_1 <

1
Zy

Yo € [ﬂ? ﬁ]a 1% > 05 L S [N:Lg]: €k 2 Oy’ydec S (07 1)7’71nc € [1,+OO),V]€ 2 07 € > 0
2 7o + -1, 29 « x(¥ and set global parameters yaec € (0,1) and 7ine € [1, +00)
3 for k=0,1,...,do

4 (x(k+1>7 VYe415 Mk ak) = LineSearch(x(k>, Z(k) y Ve Me—15 My L, €k)'
5 | 2®tD =x® 4 L (x<k+1> _ x<k)).
6 (XD 741) = SeekStationary (x ¥+ 7).

7 if dist(O,aF(i(kH))) < ¢ then Return: x*+1

4The method in [42] is a conditional gradient method that assumes a linear optimization oracle,
which is different from our setting.
5Results for the case of u = 0 can be found in the longer axXiv version [48].
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Algorithm 2: (x**Y ~, .1y, o) = LineSearch(x*), 2(%) ~p. np_1, i, L, &)

1 Inputs: x(®) (k) Vi >0, ng—1 >0, L € [, Lg], e >0

YincMk—1
2 e min { Ly, e

3 repeat

M)

«@

4 Mk < Ydeck; find ay, > 0 and Ve+1 that satisfy Ve+1 = —k = (1 — ak)’Yk + agpt.

Mk

5 Let y® = m (ak,ykz(k) + 'yk+1x(k>); find x**Y such that

(32)  dist (0,Vg(y™®) + L (D — y ) 4 o (xHY)) < e

6 until g(x" ) < g(y™) + (Vg(y™®), x* D — y®)) 4 L |x(E+D) — y )2

21y,
7 Return: (x*Y ~p 0 me, o)

Algorithm 3: (x*+1) 7, . 1) = SeekStationary(x*+1) 7;)

1 Inputs: x**tY 7. >0
g,

2 77k+1 = Ydec

3 repeat

4 ‘ k41 ¢ VdecTk+1 and XFTD « pPOXﬁle( x*) — ﬁk+1VG( *)).

5 until GEFT) < GxP) +(VGE(xHF),xHF T — x4 L gk — x (k)2

"7k+1

6 Return: x**V and 7, ;.

3.1. Convergence analysis for iAPG. In this subsection, we analyze the con-
vergence rate of the proposed iAPG. The analysis also applies to APG by setting
er = 0. The technical lemmas below are needed.

LEMMA 3.1. Let {(nk,ﬁk,akxyk)} be genemted from Alg. 1. It holds that

(3.3) % <m < 1, T +Lh <ik < g, ag<landye >p,  forany k> 0.

Proof. From Lines 2 and 4 of Alg. 2, we have n; < % in Alg. 1. In addition, the

condition in Line 6 of Alg. 2 will hold and Alg. 2 W111 stop if g < +. Given Line 4

hold similarly.

\h\*—'e

of Alg. 2, we have 1, > 'YLdZC in Alg. 1. Since 7y < L’ Lﬁeih < Tk <

Solving «j, from the equation in Line 4 of Alg. 2 gives

—(ve =)+ (=) +4ve 1k 2
3.4 = = Tk .
(3.4) K 2/nx (v =)+ (e —h) 2471 /i

Since p < 1/77k, we have (vx — )2 + 4k /mk = (7 + p)?. Thus it follows from
(3.4) that ak 1,Vk > 0. Notice if v¢ > p, then vr11 = (1 — o) v + arpe = p.
Since 9 = p, we have v, > u,Vk > 0 by induction. O

LEMMA 3.2. In any iteration of Alg. 1, Alg. 2 and Alg. 3 will respectively perform

L~2 L~2 . . .
at most log, *’LY‘;‘“‘C and log, L;v_:fh iterations. Moreover, if Alg. 1 runs for t

iterations, Alg. 2 and Alg. 3 will perform at most t + (ln'ymc ) t+ — ln( a’l= 1)

In~y Invg.e Ydec
No(Lg+L
andt+1+ —L—+1In ("“( atLn)
Inyg.. Ydec

Proof. Let nj and myj be the numbers of iterations performed within Alg. 2 and
Alg. 3, respectively, in iteration k of Alg. 1. When Alg. 2 ends, we have n;, =
”ygé"c_lmin{[fl, YincTk—1}- Since % < n and o1 < 1 7 by (3.3), we have

dec

) iterations in total, respectively.

Ydec Nk — 1
Ly dec

L LY3ec
, which implies nj, < log,, *zd“ Similarly, my <log,, L::‘_ifh.
g
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The second conclusion can be proved in the same way as Lemma 6 in [55]. In
particular, when Alg. 2 ends, we must have n, = 'yggc_lmin {Lfl, YincTh-1} <

'ygec YincMk—1, Which means ny <1+ (m 7‘“‘3) +—21 . In (n—;l) and thus

Invg InYiee
t—1 In Vine n_1 In vine Lgn-1
k= Onk t+(n"/dec>t+l 'yd ln("]t— ) t+(ln'y;elc>t+ln'y;elc ln( Ydec )
A similar argument can be used to bound Zk_:o my. O

LEMMA 3.3. Let k = ,YdLg# and ay, generated by Alg. 1. Then oy > \/g, Vk=>=0
Proof. Lem. 3.1 indicates yxy1 = u. Hence, from (3.3) and the update of vi41, it
follows that oy = /M Ve+1 = \/g , and we obtain the desired results. O

Next, we establish the relationship between two iterates in Alg. 1.
PrROPOSITION 3.4. Let {(x™,2%) ap, i) }ks0 be generated by Alg. 1. Then

F(X(k-H)) _F* 4+ ’Yk2+1 HX* _ Z(k+1)|l2

3.5
(8:5) <(1—an) [F(x(k)) P X — z<k>|\2] + epag)|x* — 2V vk > 0.

Proof. Let x* be an optimal solution of (1.1) and X*) = apx* + (1 — ay)x*). Then

(36) £) —y ) = oy —y®) 4 (1 - ag)(x) — y ),

By the update of y*) in Alg. 2, we have z*) — y(b) = —;’;—fyl (x® — y(k)). This
together with (3.6) gives

(3.7)

z®) _ y(k) = ap(x* — y(k)) _ ak(i/;tjf)’yk (Z(k) _ y(lc)) = ay [X* _ (1;::193’% z(F) _ % (k)] ,

where the last equality follows from the update of vx41. According to (3.2), there
exists e®) € R” such that ||e®)|| < &, and e*) — Vg(y™*)) — nik(x(k“) —y®) e
OH (x*+1)). By the convexity of H, we have

H(x(k'H)) < H(g(k)) + <e(k) — Vg(y(k)) — nik(x(kﬂ) — y(k))’x(k+1) _ g(k)>’
which, by the fact that (u,v) = 3 (|luf|? + [|v||* = [u — v[[?), implies

<e(k) — Vg(y®), x*+D) _ §<k>>
)

(It -y

2+ D — RO — =B~y ®2),

2m
< HEW) + <Vg(y(k>), 20 _ X<k+1>> F e [x®HD )
— 2 (||x<k+1) —y® 2 4 kD — R 12— x®) - (’“)HQ) .
From the inequality above and the stopping condition of Alg. 2, we have
F(x*) <g(y™®) + (Vgly™), x*H =y @) 1 L ||x (0 _y® 1> 4 (D)
gg(y(’“) )+ <Vg (k))’g(w (k) 2% HA(k) (k)H2 + H(i(k))
QW Hg(k) <k+1>H2 + gk”x(kﬂ) —x®).
Applying (3.6) to the above inequality, we have
Fx*) <g(y®) + (Valy™), an(x* = y®) + (1 — an) (x*) = y®)) 4 5L ||g5) — y®)|2
+ H(apx" + (1= ap)x®) = gL |80 — xFHD|2 4 gy |x B0 - g®)))
By the fact that ay € (0,1] from Lem. 3.1, (3.7) and the convexity of H, we have
9



P <(1 = an)[ar ) + (Toly™).x —y®) + Hx V)]

(3.8) +arfgly®) + (Toly®) x =y ™) + Hx] + e x D - %D
(I—ay) k a k)||2 k+1)]|2
+ an HX 'Yk-fl’Yk ) — ’Ykk-{i ( >H znk ”X —x{ )H :
Since yg+1 = a3 /nk = (1 — o) Y + g, we have from the convexity of | - || that
2
O ||y A=)k (k) _ okt (k) ||? ket ||* _ A=0r)ve (k) _ arp (k)
2Nk Vk+1 z 'Yk+1y H 2 | X Yet1 4 ’ch+1y H

<ol e — 502 1 2t — y 2,

which, together with (3.8) and the p-strong convexity of g, implies
F(x*) <(1 = ap) [gy™) + (Va(y ™), x*) —y®) + H(x®) 4+ 3%||x* —29|?]
+ar[gy™) + (Valy™),x" —y ™) + H(x") + 4|1x" —y™|?]

— o R = x| g D - %““)n
(3.9) <1 — ) [F(xW) 4+ % [x™ = 20 |°] 4+ e F(x7) — 5 [|&M) - x (kD)2
+er[x®TD —x®).

By the definitions of z(**? and X*), it holds that
(3.10)  [IR*) — xFFVIZ = Jlagx” + (1 — ap)x® = xFFD|2 = af|fx* — 2FFD|2,

Apply (3.10) to (3.9) and use Yx+1 = a2 /nx to obtain the desired inequality. O

We apply (3.5) to derive the convergence rate of Alg. 1.
THEOREM 3.5. For any c € [0,1), Alg. 1 guarantees that

(311) wk-i-l § Hf:o(l — COzj) <¢0 + 21— c)gL Zt 0 M) for k 2 0

where ¢y, := F(x®)) — F* +(1— (1 —c)ay) L ||x* —2z®) || and  is defined in Lem. 3.5.
In addition, when e, = 0 for all k, Alg. 1 guarantees that, for k > 0,
F(X(k-i—l)) _F* 4 %2+1 HX* _ Z(k+1)||2

< ( _ ﬁ)k-‘rl (F(X(O)) _F* 4 l;”xx _Z(O)||2) .

(3.12)

Proof. By the Young’s inequality, we have that for any ¢ € [0, 1),

(k+1) | < (1—c)agyi0f

N (k+1) ”2 4 Nk 2

* — —_—
erag||x* — z TA—c)ansick

|x* — =

2
Recall y441 = % Hence, we have from (3.5) that
PH0) = P o 252 " — gD
<1 =) [Fe) = P o 3 = 2] 4 Co0mestins e gORDP g g,
which, after rearranging terms, is reduced to

F(x®D) — F* 4+ (1 — (1 — ¢)angs M||x* — z(k+1)|2
(3.13) ( " )

< —ap) [F(x®) = F* 4+ % |lx* — 28 |?] + gt —et.
Then it follows from (3.13), the definition of 1, and F(x*)) — F* > 0 that
(3.14) Pr41 < 1= 11 ar ¥k T 30 c)akﬂsk < (1= con)r + 2(1\/;)L€k7
where the first inequality is because ——% — =1 — —<%__ < ] — ¢y, and the

1—(1—c)ay 1—(1—c)ay
second inequality is by (3.3) and Lem. 3.3. Recursively applying (3.14) gives

10



k K k k
G <TTo(L = cag)to + 57257 Sobg (TThmiia (1= cag))e?

k K k ?
= Hj:o(]' - Co‘j) (¢0 + 2(1&)@ tho H;Zo(apcaj)) )
which implies (3.11) because a; < 1 for all j > 0.
When ¢, = 0, (3.12) can be derived by Lem. 3.3 and recursively using (3.5). O

The result in (3.11) is similar to Propositions 2 and 4 in [63] but takes a different
form. It will be later used to derive the oracle complexity of our iAPG. The result
in (3.12) is exactly the convergence property of the APG [52] for a strongly convex
case. Although (3.12) is not new, we still present it here because we need it later to
analyze the complexity to obtain x(*t1) in Line 5 of Alg. 2.

3.2. Complexity of APG for finding an e-stationary point of (1.1). The
oracle complexity of Alg. 1 must include the complexity for finding x(**1) satisfying
(3.2) in each iteration of Alg. 2. Such an x**+1) can be found by approximately
solving (3.1), which is an instance of (1.1) with the g, h and r components being
®(-;y® ) —r(-), 0 and r(-), respectively. The assumption on 7 allows us to apply
the exact APG method, i.e., Alg. 1 with g, = 0,Yk > 0to (3.1) in order to find x(*+1),
The convergence of the objective gap by the exact APG method is characterized by
(3.12). However, (3.2) requires x(**1) to be an ej-stationary solution of (1.1) instead
of an gx-optimal solution. Hence, we first establish the complexity for the exact APG
method to find an e-stationary solution of (1.1). The analysis is standard in literature
and included for the sake of completeness.

LEMMA 3.6. Let Cp = L%h + 4/ Lfydtfh, where L and ~ygec are those in Alg. 1
and Alg. 2. It holds that, for an?; k>0,
(3.15) dist (0, 0F (X*+1)) < Cp2(F(x(+0) — F2).

Proof. When the stopping condition of Alg. 3 holds, we have (cf. [78, Lemma 2.1])
F(x)-F(x) > 2%7||x —x||?, and thus

(3.16) [xEFD — xEHD) \/Qﬁk+1(F(x<k+l)) — F(R*+D)).

Also, from the update of X, we have 0 € V(g + h)(x) + %(i — X) + Or(X), and thus
ist (0, 0F (%)) < V(g + B)(X) — V(g + 0)() + 2&—x)| < (L + Ly + 1) % - x].
Hence, for x**t1) in Alg. 1, it holds

dist(O,aF(i(k“))) < (Lg+Ln+ ﬁ)”;((k-%l) — x|
(3.16)
(3.17) < (Lg+Ln+ ﬁ)\/QﬁkJrl(F(x(le) — F(X(*+D)).

Applying (3.3) and the fact that F(X*+1)) > F*  we obtain the desired result. [

By (3.12) and (3.15), we immediately have the following result.
THEOREM 3.7. Let k and Cp, be defined in Lem. 3.3 and Lem. 3.6. When g, =0
for k>0, Alg. 1 returns X**t1) as an e-stationary point of (1.1) with

(3.18) k+1<2/kln (CL\/Q (F(x©) — F* 4+ 2[|x* — z<0>||2)g) .

4. Oracle complexity of iAPG. In this section, we show the oracle complexity
of Alg. 1 for finding an e-stationary solution of (1.1) in the strongly convex case. The
complexity in the convex but not strongly convex case is not included due to space
limit. For that result, we refer the interested readers to [48].

11



4.1. Complexity for ensuring (3.2). We can find x*+1) satisfying (3.2) by
calling the iAPG method (Alg. 1) with the following inputs

(4‘1) x(k+1) =1APG ( ( (k)vnk) (')7Oar(')>x(k)a77k777];1777]:1’771;17(0)k20>8k) )
where ® is defined in (3.1). Here we use x(*) as the initial solution to compute
x(*+1) and the inputs in (4.1) are chosen based on the fact that ®(-;y*) ) —7(-) is
1/ng-strongly convex and (1/m 4 Ly )-smooth. The complexity of finding x(**1) then
follows from Thm. 3.7. .

PROPOSITION 4.1 (Complexity for ensuring (3.2)). Let " and @ be defined
n (3.1). Suppose Alg. 1 is applied to (3.1) with the inputs given in (4.1). Solution
xFHD satisfying (3.2) can be found after at most Ty, queries to (h, Vh), where
(4.2) T, = O(\/@m m\/wx“@;y<k>,nk>—<1><xi"'“>;y<k>m’).

€k

Proof. Recall that ®(-;y®) n) —r(-) is (n + Lp)-smooth and —-strongly convex.
From the strong convexity of ®, it holds

k k
(4.3) o [x ) — XD )2 < BBy ) ) — (MY y ™) ).
By instantizing Thm. 3.7 on (3.1), Alg. 1 with the inputs given in (4.1) must find
x(F*+1) satisfying (3.2) in no more than ¢, iterations with

(Mgtln g [ [ 091y 8 ) —2 (e D sy 0 g2 o) =D )2
ec

t, <24/l 1y VY
= Ydec €k
(4.4)
) (\/1—|—7L’1 (v LngLT%Jr\/LngLh,) Vo) iy () )~ (5D oy () g ) )
= =L In =
L )

€k

where the second equation is because of (3.3) and (4.3) and uses the fact In(1—a)~! >
a for any a € (0,1). By instantizing Lem. 3.2 on (3.1) with the input given in (4.1),
the total number of queries of (h, Vh) must be no more than

To=2 (1 i) oot 2o (B ) o 2nok 2 2 (Bt )

dec dec dec Vdec

which, together with (4.4) and (3.3), implies the conclusion. O

4.2. Oracle complexity in the strongly convex case. With Thm. 3.5 and
Prop. 4.1, we establish the oracle complexity to produce an e-stationary solution of
(1.1) by specifying {e)}x>0 and bounding ®(x*);y*) n.) — @(xikﬂ);y(k),nk). To
do so, let €9 > 0 be any constant and define the following quantities

(4.5) e = ,;01 [1=5(1—ca;), Vk>1

00 2
(46) S = 21— c)2L Zk 0 l—[k 1[(3f con) = 2(1\*/1:)2L Zk:o 7(ki01)2 < 00,
2(¢o+S
(4.7) b = /T2 (1 — coy) /2259 wk >,

where ¢ € [0,1) is the same constant as that in Thm. 3.5 and k is defined in Lem. 3.3.
By (3.11), (4.5) and (4.6), we have

(4.8) Y1 <ITj_o(1—cay) (o +5), Vk > 0.
( (k+1),

With these preparations, ®(x*);y®) n.)— :y®) ;) can be upper bounded.

LEMMA 4.2. Suppose {e}r>o in Alg. 1 are given in (4.5). Le tx" Y and & be
defined by (3.1) and &, by (4.7) with c € [0,1). Alg. 1 guarantees that

12



2
2 dist (o,aF(x<°>)) if k=0,

2
i (516714_%) if k> 1.

(4.9) o y™ ) — exFT v ™ ) < {
YdecV'C

Proof. By y(© = x() we have ®(x(©); y(© 1) = H(x©). Also, it holds that
B(x; 5@, 10) > (Tg(x®), x — x) + L x — xO + Hx®) + (€ x - x®)

for any &€ € 0H(x(?)) and any x, from the convexity of H. Since 79 we have

< 1
S(x 3y, mo) = (x5, 1) < — min { (Vg(x(®) + &% = x() + Zh[lx — x©12}
(4.10) =B|[Vo(x®@) +&]° < 5L Va(x) +£I1%.

Minimizing the right-hand size of (4.10) over & € 9H (x(?)) gives (4.9) for k = 0.
Suppose k > 1. By the definition of 95 in Thm. 3.5 and the u-strong convexity

of F, we have

U 2 Gl =P+ (1= (1= )an) 3 20 —x*[* > §]x® —x* |2+ G2 —x7||?,

where the second inequality is due to (3.3). This inequality implies, for any k > 0,

(411)  max {x® = x|, ella® = x|} < /2 < TTEZ (1 - cay)y /29052 = 6y,

where the second inequality is by (4.8) and the equality is by (4.7). Since ¢ € (0,1)
and y® is a convex combination of x(¥) and z®) it follows from (4.11) that

(4.12) |y ®) — x*|| <%, V>

By (3.2), it holds that dist(0, Vg(y k_l))—i—m(x(k) —yED)+0H (xP)) < ey
for k > 1. Hence, by the definition of @ in (3.1), we have

dist (0, ®(x*); y ) )

<er1 + [ Voly (’“)) —Vyly ““’”)II + o I =y GV o x W) — y @]
< gho1+ Lolly™ —y - 1’H + o [lx®) - Y"“‘”II + 5 x®) —y |
Lg(0r+0k—1) Ok—1
(4.13) < ey + 2ol 4 Bo (5, 4 S50 4 20 (5 4 &),

where the second inequality is by (3.3) and the third one by (4.11), (4.12) and the
triangle inequality. In addition, by the strong convexity of ®(-;y,n), it follows
(4.14)

o(x M3y ™, me) — @iy ® ) < Bedist (0,00 (xPsy ™))" vk > 1,

which, together with (4.13) and the facts that ¢ < 1, vgee < 1,7 < %, and 0y < 0p—1,
gives the result in (4.9) for k£ > 1. This completes the proof. O

Lem. 4.2 allows us to simplify (4.2) and obtain the following result.

THEOREM 4.3 (Oracle complexity to obtain an e-stationary solution). Suppose
{ek}tr>0 in Alg. 1 are given in (4.5). Also, suppose x5+ s computed by applying
Alg. 1 to (3.1) with the inputs given in (4.1). Then for any ¢ > 0, Alg. 1 with®
L = 0O(Ly) can produce an e-stationary solution of (1.1) by K35, queries to (g,Vg)
and T3S, queries to (h, Vh), where

SWe assume L = O(Lg) just to simplify the results. The analysis holds for any L < L.
13



2
(4.15) K55, = O (VA At 4 gy (Latln )

2
(4.16) T35, = 0 (/22 (14 22)C. ) - In CE0gE9))

Here, k is defined in Lem. 3.3, 1y in Thm. 3.5, C, in Lem. 3.6 and
_ diSt(O’aF(x(O))) 2 6Lg 2(11)04-5) ¢0+S o5
(4.17) C. 7max{ d =t =y [\fl W .

Proof. Let K, be the smallest integer such that X(51) is an e-stationary point. It
follows from the definition of ¢y, (3.15) and (4.8) that

(4.18) dist (0, 0F (K1) < Cuy /2110 (1 = cay) (o + S), Yk > 0.

Let K| = [\/Elnwojif)ci—‘ Since o > 1/fbyLem 3.3, (4.18) implies H] 20 "a-
caj) (o +5) < (1 —¢/v/r)51 (o + 8) < 202 , which means K; < KJ.

By Lem. 3.2, until an e-stationary solutlon is found, the total numbers of iterations
in Alg. 2 and 3 are ( + 1“3‘“)[(1—1— — ln< Lg_) and K +1+ — _1 1n<Lg+Lh)7
Vde

dec KYdec Yoo Ldee

respectively. Since (g, Vg) is queried only twice in each 1terat10n of Alg. 2 and 3,
the total number of queries to (g, Vg) by Alg. 1 is at most (2 + 1“7””) Ki+1+

In Ydec

108, (%) , which implies (4.15) when L = ©(L,) because K; < Kj.

Next we bound the right-hand side of (4.2). By the definition of d; in (4.7) and
the choice of ¢, in (4.5), we have

B3Lg (5K +0k—1)

Ch—1t— o _ (k+1) 3Ly(k+1) /2(xbo+S) + 3Lg(k+1) 2(¢o+5S)
€k k\/lfcak_l £0YdecVC 1 sgydcc\/a\/lfcak_l 1
' < 2 6L, (k+1) [2(0o+S) 2 6Ly K] 2(o+5)
(4.19) Svie ™t €0Yaecy/c(1—c) ® Syt c0Ydecy/c(1-0) .

for any 1 < k < K| — 1, where the inequality comes from a1 < 1. This implies
k
(4.20) e(x®;y® ) — oY y®) ) < L2,

In iteration k of Alg. 1, the query number of (h, Vh) to compute x*+1) satisfying

(3.2) is at most T} given in (4.2), and Alg. 2 will stop after at most log,, ngcc
ec g
iterations by Lem. 3.2. In addition, two queries to (h, Vh) is made in each iteration of

Alg. 3, which will stop after at most log, LEYEZC iterations by Lem. 3.2. Hence, the
2
query number of (h, Vh) at iteration k of Alg. 1 is no more than (log,, LZ—‘;“)TIC +

2log,,, L*jf‘f} Applying (4.20) to the right-hand side of (4.2), we can show that the

total number of queries to (h, Vh) before finding an e-optimal solution is at most

2 L2 2
T(?rclt Kl : O (10g7dec (Lz(i]eb> \/ 1 + % ln ( % + LL}L + ?’21 €> + log’Ydec Ll;’z/ﬁz‘h> ’

Using the facts that K1 < K] and L = ©(L,) and the fact that In (%) VE <
%\/ﬁ =,/ L;djih, we obtain the desired result in (4.16). O
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5. Inexact regularized augmented Lagrangian method. In this section,
we consider the affine-constrained composite problem

(5.1) m}zn {G(x) := f(x) +r(x)}, s.t. Agx=Dbg, A;x< by,

where f is Ly-smooth and p-strongly convex with p > 0, and r is closed convex and
allows easy computation of prox,,. (z) and dist(0,0r(z)) for any z € R™ and n > 0.
We assume that (f, V f) is significantly more expensive than (A (), AT(-)) to evaluate,
where A = [Ag; A7]. We denote the Lagrange multiplier by A = [Ag; A7] with Ag
and Aj associated to the equality and inequality constraints, respectively. We assume
(5.1) has an optimal solution x* and the multiplier A* = [A}; A]] satisfying

(5.2) 0 € G(x*) + AT A", Apx* =bg, A;x* <bs; A} >0, (A}, A;x* —b;)=0.
Our goal is to find an e-stationary solution of (5.1) defined formally below.

DEFINITION 5.1 (e-stationary solution). For a given € > 0, a point X € dom(G)
is called an e-stationary solution of (5.1), if there exists A = [Ag; A;] such that

(5.3) dist(0,0G (%) + ATA) < & /[[Apx — be[2 + [[[A1x — b4 |2 <&
(54) 5\[ >0, ||5\[®(A[)7(7b])|| <e.

We consider an inexact regularized augmented Lagrangian method (iRALM) pre-
sented in Alg. 4 for finding an e-stationary solution for (5.1). At iteration k, the
iRALM generates the next solution by

(5.5) x**+D ~ arg min {Wr(x) := Ls, (x, AR 4 £k ||x — x(®) |21,

Here, L3 is the augmented Lagrangian function of (5.1) with the following form:
Ls(x,A) = G(X)+(Ap, Apx—bp)+5 | Apx—bgs|*+35 (H[B(A]x —br) + A1}+}|2 — \|>\1||2) .

In particular, the iPLAM requires x*T1) to be an &;-stationary point of ¥;. We can
guarantee this by applying Alg. 1 to (5.5). We will show that, compared to existing
results, the iRALM finds an e-stationary solution with a significantly reduced number
of queries to (f, Vf) but a slightly increased number of queries to (A(-), AT (-)).

Algorithm 4: Inexact regularized augmented Lagrangian method (iRALM)
Inputs: x© € dom(G), A, B >0, pr > 0,5 >0,V,k>0and e > 0
k<0
while Conditions (5.3) and (5.4) with (%,X) = (x*, X*)) do not hold do
Find x**Y ~ arg min, Uy (x), where W}, is defined in (5.5), such that
(5.6) dist (0, 00, (x* 1)) < &,
which can be done, e.g., by the iAPG method. See Settings 1 and 2 below.
5 | Let APt = A% 4 g (Apx®t) —bg), AP = AP 4 g (A %D — b))y,
and set k < k+ 1.
Return: (x®) A%

B W N =

(=)

Before giving the details, we first present the following lemmas to characterize
the relationship between two consecutive iterates of Alg. 4.
LEMMA 5.2. Alg. 4 guarantees that, for any k > 0,
Exllx T = x| = pllx gy (A = X712 4 ATED = X2 — A —x1?)
(5.7) R e [ [ e e e D]

(k+1) (k+1) X*HQ I
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Proof. From (5.6), there exists v(¥) € d,Lg, (x*+D AR 4 oy (x(*k+1D) — x(*)) such
that ||[v(®)| < &, and thus by the p-strong convexity of G, we have

(5.8) (v®) x(FHD _ x*y
>GxH) = GO) o+ G =[P (AEAR X —x7)
+ <,BkAg(AEX(k+1) _ bE),X(k+l) _ X*>
+ <A;r[ﬁk(AIX(k+1) _ b]) + )\(Ik)]+,x(k+l) _ X*> + <pk(x(k+l) _ x(k)),x(k"'l) _ X*>.
By the Cauchy-Schwarz inequality, it holds (v(®) x*+D — x*) < ||[v®)]| . ||xF+D) —

x*|| < & lx*+D — x*||. Hence, by the update of A*™) and the facts Apx* = bg
and A;x* < by, we obtain from (5.8) that

(5.9) axllx™+ —x7|
>G(x*H) - G(x) 4 L x*HD — x*[12 + AP Apx*EHD _by)
+ <A§k+1)7AIx(k+1) —bs) + <pk(x(k+1) _ x(k)),x(k+1) —x*)
=G(x*D) — G(x*) 4 LxFHD — x| 4 (AU, Apx*HD —bp)
+ A AT — b 4 8 (D = x B2 xEED —x — x® = x7)?).

Using the updating equation of AFFD agaim we have

AGTY = AL, Apx®T) —bp) = AT — Ap, AUV - al))

k * k k k *
(5:00)  =5h (INET = NIP + AT - AL — A% - Xpl)

y [75, Lem. 4], it holds that

ALk
N AL A by > (AFTY - A max { - 3, A — by},

AR
I

which together with max{ - , Ax(tD _p; } )\(k+1) )\(Ik)) gives
AETD _xx A px D ) = <)‘(k+1) A% ()‘(k+1) )‘gk)»
(5.11) = o (1A A?H2 ALY = AP — AR - Ap2).

Adding (5.10) and (5.11) to (5.9) gives
(5.12) & [lx* T — x| = Gx*FY) — G(x*) + LxFHD - x* |2 + (A%, AxFFD — b)
A2 (D = x B2 [ D — 2 — x) — x*|?)
i (IAETD = X[ AGTD — AP 2~ IAB) — X7 2).

By the KKT conditions 0 € 0G(x*) + ATA* and (A}, A;x* —by) = 0, it follows that
GEFY — ax) + (AT, AxFTY —b)
=GxMD) = Gx) + (ATA X = x) > g e,
where the inequality holds from the p-strong convexity of G. Applying this inequality
to (5.12) gives the desired result. O

5.1. Outer-iteration complexity. In this subsection, we assume that (5.6)
can be guaranteed. We specify the choices of {Sk}r>0, {pr}tr>0 and {&x}r>0 and
establish the outer-iteration complexity of Alg. 4. To do so, we first show the uniform
boundedness of the primal-dual iterates below.

LEMMA 5.3 (Bounded iterates). Suppose i, = Boo* and p. = poo= ", Yk > 0 for
some Bg > 0,p9 >0 and o > 1 in Alg. 4. It holds, for any k > 0, that
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(5.13)

* * k i€4 * *
V/Bopol ) —set 2 4 AU A2 < S FE 4y fBopolx© — x4 A A2

Proof. Multiplying 25, to both sides of (5.7) gives
(5.14) 2B [ x T — x*|
2200l — x|  (JAEFD = X2 A = A2 I - X7)J?)
+ Bopo (J|lxFFY = x P2 4 [ — |12 — Ix®) —x7|%).

Sum up (5.14) to have
Bopollx D = 24 AFFD X712 < ST 280D x|+ Bopolx V) = [PHIAC =712

We obtain (5.13) by the inequality above and Lem. A.1 with A\; = %, up =

VBopolx) —x* 2 4+ [A® — A*|2, and € = fopol|x®@ — x*[2 + []AQ ~ A2 O

By Lemmas 5.3 and A.2, we show that Alg. 4 produces an e-KKT point.

THEOREM 5.4. Let By and py, be defined as in Lem. 5.3, & = ;EZ;B min{1, v/Bopo},

and &, = min{g, 2000_’“} Vk >0 in Alg. 4. Then Alg. 4 will stop and return x*)
as an e-stationary point of (5.1) with k no more than
(5.15)

K := max { [logg 4%?‘)-‘ , [loga %ﬁg-‘ , [loga WW , Pbga ﬁ-‘ B 1} +1,

(5.16) where Do = \/ﬁopon(m —x*)2 4+ | A© — x¥||2.

Proof. Since &; < € for i > 0, we have from (5.13) that
(5.17)  [x® —x*|| < EeE=D B RSV CAES Y, N )

po(o—1) \/ﬁopo Vpo(o—1)
with Dg defined in (5.16). Hence, by the triangle inequality and (5.17), it holds that
(k1) _ (k) 28(c* T 4ok —2) 2Dgy (k1) _ 3 (k) 2ev/Bo(ocf 4ok —2)

I U< =% tvms 1A A< =G 2D,
and thus
(5.18)

— £ 2D — g

pre—1||[xU) = x V|| 2o 4 Z209E0 LA N g SRRty 2R

By the choice of £ and the definition of K in (5.15), we have from (5.18) that

(5.19) pr—a|lx ) — xS I XD S
Additionally, since & < /45> 29 5= for 4 > 0, it is implied by (5.13) that H)\(k)
N <k BO + Dy and thus ||)\(k)|| 5—0 + Do + ||A*||, which further implies

A2 < QW +2(Do + |A*[)2, ¥k > 0. Hence,
(5.20) MJM“W wuﬂwm<%;4%f+%m+wwa

Since K — 1 > log, fw"}‘#‘hz, it holds that 2BU%(DO +IA*)? < 5. Also,
K> [2 log,, ﬁ—‘ implies 0% > m Thus < ¢ according to Lem. A.2 with
a = ¢ and b = 0. Hence, the right-hand side of (5.20) is no more than ¢, so

(5:21) Ty (IO 4+ FIAD)?) <

Now from the updating equations of x(*+1) and )\(k+1), we have for any k& > 1
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(5.22a) dist (0,0G(x®) + ATA®) <&y + pp_q[|x®) — x*=D,
AT = A=,

(5.22b) \/||AEx(k) b2 + [[[Ax® — by | < 51

and, by Line 5 of Alg. 4, we have )\gk) >0,Vk>1 and
k k
IAF) @ (Arx® = b)| < ;o AT - (Ax®) —by)|
k k k—1 k k—1
(5:22¢) =3,; 3050 A - (A = AFT/B s < g (P12 + 3IAE V)

Moreover, by (5.19), (5.21) and &, < §, the three inequalities in (5.22) imply that
(xE) AH)Y is an e-stationary solution of (5.1), which completes the proof. O

5.2. Overall oracle complexity. In this subsection, we discuss the details on
how to ensure (5.6) and then characterize the total oracle complexity of Alg. 4 to
produce an e-stationary point of (5.1). Define
(5.23)  g(x) =F(%) + & [lx — x|

(5.24)  hi(x) =A%, Apx —bg) + % ||Apx — bgp|? +
Then the iRALM subproblem (5.5) can be written as
(5.25) min {Wy,(x) = gx () + hx(x) +r(x)},

which is an instance of (1.1) with g = g and h = hy. This means that (5.6) can be
ensured by approximately solving the iRALM subproblem (5.25) using Alg. 1. This
way, we can apply the complexity result in Thm. 4.3 to establish the oracle complexity
for each outer iteration of Alg. 4.

We adopt the following settings on solving each iRALM subproblem.

SETTING 1 (How to solve iRALM subproblems). In iteration k of Alg. 4, Alg. 1
is applied to find x*+tV) satisfying (5.6). More precisely, we compute x+1) by

(526) (k+1) =iAPG (glm hk?7 T, X( )7 Mo, Yo, + pka {Et}t>()7 Ek)

where g4 is defined as in (4.5) for t > 1, gx is defined in (5.23), hy is defined in
(5.24), and” L = ©(Ly).

For simplicity, in the setting above, the values of 19, Y0, Ydecs Vine, L, and &g stay
the same across the calls of the iAPG by different iterations of the iRALM. Also, we
use the previous iRALM iterate x(¥) as the initial point to solve the k-th subproblem.

SETTING 2 (Choice of parameters). Given an € € (0,1), we choose {Bi}, {pr},

and {&,} in Alg. 4 as the same as those in Thm. 5.4.

H[ﬂk(AIxfb1)+>\gk>]+H2 B H)\(Ik)”2
26 T

Notation and some uniform bounds. To facilitate our analysis, we first give
some notations used in this subsection. Given K in (5.15) and Dy in (5.16), we let
2 28(c¥ —1
p=pic1,B = 1, B = L) 4+ B
_ 28V/Bo(c¥-1)
Bx= =51
In order to apply Thm. 4.3 to the iRALM subproblem (5.25), we define

(5.28)  Lu, = Ly + pi + Bl A2, CF) = if +y/ 2, Yk < K,

L+ Vi (F)
(529) K?(k) = Wtf'l;k)’ S(k) - 2(1—c)2L Zt 0 (t+1)2 < o0, Vk < K

(5.30) ¢ = Wy (x®)) — Wi + (1= (1 = )ap) 2 |xFT —x®))12, vk < K.

(5.27)
+ Dy, e = min{z, \/Z=0"5}.

7Again we assume L = O(Ly) to simplify the results. The analysis holds for any L < Ly.
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(k+1)

with x. = argmin, Uy (x) and ¥} = min, ¥, (x). Moreover, we define
dist (0, 9, (x*)
Ce(]:) ax{ ® ( k(x )),
(5.31) €0

2 6(Ly+pr) 2 +5(0) ® w<’“)+s<’“))(c(’“>)
Vi-c T so'ydec\/c(lfc) \/7 \/71 k 4

where ¢ € (0, 1) is the same as that in (4.5). Because p < P, B = B, V0 < k < K, the

quantities defined below are respectively upper bounds of x*) §(*), Ly, , and C’ék):

= _Lste G _ __VE o0
(5.32) A= St = S0epL 2= tf’n? < 00
(5.33) Ly =Ly+po+BIAI% Cp = L+ ([

By the above notations, we can show the following two lemmas. B
LEMMA 5.5. Suppose Setting 2 is adopted. It holds that pr = p and B, < B for

all 0 < k < K. In addition, |[x® —x*|| < By and |A® — X*|| < Bx hold for all

0 < k < K. Moreover, ||x*k+1) x*|| < Bx for all 0 < k < K.
Proof. 1t is trivial to show that py > p and By < 3,V0 < k < K. From (5.17) and

the definition of By and By in (5.27), we have ||x*) — x*|| < By and |]A®) — X*|| <
Bx,V0 < k < K. Moreover, notice that the first inequality in (5.17) also applies to
x&kH). Hence, we have

(5'34) Hxik‘-‘rl) o X*” g 25_(0'76-%—171) +

po(a_l) < By, Vk < K.

vﬁ ﬂo
This completes the proof. 0

LEMMA 5.6. Let wék) be defined in (5.30). Then for any 1 < k < K,
WS < 2By (1 4+ 2p0 B + | A[|(20Bx + B + [A*[)) + (1 — (1 — c)a) 222,
Proof. From (5.22a) and the definition of Uy, it follows that
dist (0,00, (x<k))) < dist (0, oG (x™)
+ ATA”“’) +1AEAY + Be(Apx — bp)) + AT A + Br(Arx —br)] — ATAW|
=dist (0,0G(x™) + ATA®) + [ AL(Be(Apx — br)) + AT (AL + Be(Arx — br)]ly — A1)

&1 + pr—[x® —x* Y|+ HAW@%HAEW —bg|?+ [|[AY + Be(Arx — b)]s — AP |2

<Gt + pre—1[|x®) x““*”n+|\A\|¢ﬂznAEx<k>be|\2+/3£||[Azx<k>sz1+||2+||x<,’“>||2
(5.35
<Ei-1+2p0Bx + | A[(20Bx + Bx + | A7),

where the third inequality is because of the facts that )\E-k) > 0 and that ||[x + y]+ —
yvII? < 1x]cl? + llyll?,Vy = 0, and the last inequality is because of Lem. 5.5, (5.22b)
and the fact that va +b < va + vb,Ya,b > 0. The inequality in (5.35), together
with the convexity of Uy, Lem. 5.5, and (5.34), gives

Wy (xM) — W} < 2By (851 + 200Bx + |A[[(20Bx + B + | A*]))),V1 < k < K.
The conclusion follows from the fact that £,_; < 1 and ||x(k+1) x®|2< B2, O

By Lem. 5.6, we can bound w(()k) uniformly for 0 < k < K by the quantity
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— 2
Vo = max{ 0 2By (1 4 2poBx + | A (20 B + B + [|A*]])) + (1 — (1 — c)ao)%}.
Now we are ready to show the overall oracle complexity of Alg. 4.
THEOREM 5.7 (Total oracle complexity to produce an e-stationary point). Sup-
pose Settings 1 and 2 are adopted. Let K be given in (5.15). Alg. 4 will stop and

return an e-stationary point of (5.1) after making Q5 queries to (f,Vf) and Qa
queries to (A(-),AT(-)) with Q; and Qa given as follows. (i) When p =0,

(5.36) Qf:o(<K+ Lfdxf/fll)l CL(i/JoJrS))’
59 onmo((K s S + L) K TG,

and (ii) when p > 0,
(5.38) szo(K %mw)

_ L IlAlVBo oK/2— (%o +5)C7
Qn =0 (/5 + B ) 1o G,

Proof. By Thm. 5.4, we only need to bound the overall number of queries that are
made to produce x(¥). From Thm. 4.3, we can find an &j-stationary point of ¥}, in

(5.25) by Alg. 1 with Qgck) queries to (f, Vf) and QXC) queries to (A(-), AT(-)), where

C(k) 2/, (k) S(k) I
; L L MY 1y CED? g0 +5®)
(5.40) QW =0 ( - n ((ij”rkpk)cék ) n (G ST

In the two inequalities above, we have used the fact & > ¢
When g = 0, we have from (5.39) w(k) + 8% < @0 + ? and C(k) < Cp that

0 ~E5 @) - K0 (RS )
(5.29) kK_010< /1+ Lfo n CL(ZIS-"-S))’
which gives (5.36) by ZkK:_Ol < K+ ﬂ”f}ﬂzl. Also, it follows from

(5.35) that dist (0,07, (x*))) < Vy for any k > 0 where

V¢ = max {dist(O,@EBO (x©@A©)), &+ 200Bx + ||A||(Bx(20 + 1) + ||,\*||)} = 0(1).
By the fact that dist(0,0%,(x")) = O(1), the definition of &7 in (5.4), and the
inequalities Cék) < Cp, k% <R, and Ly, =Ls+prp+ Bi||A]|?> < Ly, we can derive

from (5.31) that In ((Lfif;k)c(’”) O(k). Thus, we have from (5.40) that

(k) (k) (k)
=S QR = S o (VB ()l ) - in (e

K-1 L X All2 L ) k — 562
<R o( ot BIAT (( fL'*;F:f;;Bk)Cék)) 'ln%)
— a2
:O((K+ %022_—11+HAM00 31)-K~ln%),

When p > 0, we have
Qs =20y Q<k) Yo O (\/Tln CLWMS) +n u+pk) =0 (K 5o CL%MS)) ’
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where k®) < & = O(\/Ly /) according to (5.32). This gives (5.38). Also, we have
(k) (k) (k)
=5 QR = i o m (el - (G o)

H"Fﬂk Lf-‘rpk £
K-1 L +oet Bl A2 Li+pn+Be B +5)C
=S O( i P;_H):H [ (( fop-iI:pk k)csgk)> .In (o 2) )
y — A2
) ((K Ly | LALYE: o2 11) ‘K -In <wo+§§>cL),

LLi’;k )Céf)) = O(k) and the inequalities Cgc) < (7,

k") <K and Ly, = Ly + px + Be||A||> < Ly. This proves the case of > 0. O

where, again, we use the fact In ((

REMARK 1. Notice K = O(Inl) by (5.15), o = O(L) and & = O(e). Hence,
from Thm. 5.7, we have Q5 = O(\/%ln%) and Qa = O((\/% + @)(ln%f)
for the case of p = 0, and Qy = O(,/%(lnéf) and Qa = O((Ini % +

%)(In é)2) for the case of 1 > 0. If pg = O(e) and By = O(L), then K = O(1). For

this setting, the factors (ln %)2 in Qf and Qa above will reduce to In % The choice of
Br = Boc® and p, = poo™" enables us to obtain the near-optimal complexity results.
This is similar to the setting in [49, Thm. 5]. However, one potential drawback is
that if iRALM does need to run to K outer iterations, then Sx — oo and pg — 0 as
€ — 0 and thus the subproblem becomes ill-conditioned.

6. Smoothed bilinear saddle-point structured optimization. In this sec-
tion, we consider the bilinear saddle-point structured optimization problem

61 p = min {p(o) = J00) +r(x) + max {(y. Ax) ~6(y)} }.

where A € R™*" f is smooth and convex, r and ¢ are closed convex and admit
easy proximal mappings, and r allows easy computation of dist(z’,dr(z)) for any
z,z' € R". We assume that (f, Vf) is significantly more expensive than (A(-), AT ()
to evaluate. We adopt the following notation in this section

(6.2a) G(x) = f(x) +7(x), h(x):= max {{v,Ax) — o(y)},
(6.2b) ¢(y) = min {G(x) + (v, Ax)},  d(y) = ¢(y) — o(y).

We call p(x) — d(y) the duality gap at (x,y) which is non-negative by the definition
of pand d. A pair (x*,y*) that satisfies p(x*) = d(y*), or equivalently, 0 € IG(x*) +
ATy* 0 € Ax* — 9¢(y*) is called a saddle point of (6.1). Apparently, p* = p(x*) =
d(y*) = G(x*) + (y*, Ax*) — ¢(y*). We make the following assumption on (6.1).
ASSUMPTION 1. Function f is Ly-smooth and p-strongly convexr with p > 0;
Dy = maxy, v,cdom(s) [|¥1 — ¥2|| < 00; (6.1) has a saddle point (x*,y*).
Our goal is to find an e-stationary solution of (6.1) defined formally below.
DEFINITION 6.1. Fore > 0, a point (X,¥) is an e-stationary solution of (6.1) if

(6.3) dist(0,0G(x) + ATy) <e, dist(0,Ax — 0¢(y)) < &.

The following result shows the duality gap of an e-stationary solution of (6.1).
THEOREM 6.2. Under Assumption 1, if (X,y) is an e-stationary solution of (6.1),
then p(x) — d(y) < 2eDy + 32%
Proof. Since (X,¥y) is an e-stationary solution, there exist it € 9G(x) + ATy and
v € AX — 0¢(y) such that ||u]| < e and ||V|| < €. By the p-strong convexity of G and
the Young’s inequality, it follows that
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G(x) < Gx") +(a— ATy, x —x*) — §x —x*|]?
= G(x") + (1,x - x*) — (y,Ax — Ax") - §x — x*|]?
(6.4) < G(x*) — (3, Ax — Ax") + 2 ||u].

In addition, by the convexity of ¢ and the definition of h in (6.2), we have h(X) +
(v,y —¥) < (¥,AX) — ¢(y), where § € argmax, {(y,Ax) — ¢(y)}. Adding this
inequality to (6.4) gives

p(X) + (V.5 =) < G(x) + (7, Ax") — ¢(¥) + 5, [|10]?
(6.5) = p(x*) +(§ — y*, Ax*) + o(y*) — 6(7) + 5 A%,
where the equality holds because (x*,y*) is a saddle point of (6.1). Now from the

convexity of ¢ and the fact Ax* € d¢(y*), it follows that (y—y*, Ax*}+o(y*)—o(y) <
0. Hence, we have from (6.5) and the Cauchy-Schwarz inequality that

(6.6) p(x) < p(x) = (v,7 = F) + 2 [0l> <p(x*) +2Dy + 55
Similarly, from the convexity of ¢ and v € Ax — 9¢(y), it follows that
(6.7) —0(y) = —¢(y") + (v - Ax,y —y").

In addition, by the definition of ¢ in (6.2) and the fact @ € dG(X) + ATy, we have

o(y) + (4,x — X) > G(x) + (¥, Ax), where X = argmin, {G(x) + (y,Ax)}. Adding

this inequality to (6.7) and using the fact that p* = G(x*) + (y*, Ax*) — ¢(y*) yield
dly) +(Wx=%) > GX) + (v, Ax) —o(y") + v,y —y")

=p" = p(x) +G(X) + (v, AX) = o(y") + (v,y = ¥")

(6.8) =p" - G(X")+G(X) +(y, Ax — AX") + (v,y —y7).

Notice —A Ty* € 9G(x*). By the convexity of G, we have —G(x*) +G(X) + (y*, AX —

Ax*) > 0. Hence, (6.8) and the Cauchy-Schwarz inequality together imply

(6.9) dly) +(w,x =) 2 p" +(v,y —y") 2 p" —eDy.

Moreover, from @ € 9G(X) + ATy and 0 € 9G(X) + ATy together with the p-strong

convexity of G, it holds (@, % — X) > pl|x — X/|>. Hence, by the Cauchy-Schwarz
— =112 2

ineuqality, we have [|x — X|| < H%H and (0,Xx — X) < % < 5, which together

with (6.9) gives d(y) > p* — eDy — % Therefore, from (6.6), we conclude that

p(X) —d(y) < 2Dy + % This completes the proof. O

REMARK 2. By Thm. 6.2, to produce a primal-dual solution of (6.1) with a
duality gap at most € > 0, it suffices to find a min { 4E¢, w/%ﬁ}—statz’onary solution.

When ¢ is convex but not strongly convex, & can be non-smooth. In this case, [54]
introduces a smoothing technique and solves an approximation of (6.1) as follows:

(6.10) pp = min {py(x) = f(x) +r(x) + hy(x)},
where p > 0 is the smoothing parameter, and h, is defined by
(6.11) hp(x) = max {(y, Ax) = é(y) — Lly -y}

with any y(®) € dom(¢). The result below is from [54, Thm. 1].
2
LEMMA 6.3. h, defined in (6.11) is @-smooth and Vh,(x) = ATy(x), where
(612) y(x) = argmax {(y, Ax) = 6(y) — lly = ¥ |2} = prox,, (v + LAx).

yeER™
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Lem. 6.3 implies that (6.10) is an instance of (1.1) with ¢ = f and h = h,. This
means we can compute an e-stationary point of (6.10) by calling the iAPG method
in Alg. 1. We present this approach in Alg. 5.

Algorithm 5: Smoothing iAPG method for (6.1)

1 Inputs: x(0) € dOHl(T'), y(O) € dom(()b) P >0,m-1 < iv Yo € [/"’a 1/77*1]’
Le[p,Ly],and e >0

2 Compute:
(613) x =iAPG (f7 h’Pa 7, X(O)a'r]—17 o, HaLa {6k}k>05 E) ’
where h, is defined in (6.11) and &y is defined as in (4.5) for k > 0.

3 Return: x and § = y(X), where y(-) is defined in (6.12).

By Lem. 6.3 and Thm. 4.3, we have the following complexity result.
THEOREM 6.4 (Oracle complexity to produce an e-stationary solution). Suppose
13

Assumption 1 holds and (X,y) is returned by Alg. 5 with p = By Then (X,y) is an

e-stationary solution of (6.1). Moreover, if L = ©(Ly), Alg. 5 produces (X,y) using
at most Kg, queries to (f,Vf) and Ty, queries to (A(-), AT()), where

(6.14) Ksp:()(\/g mCiL;Sf))’ TSP:O((WJr uAu) (1)In cz(¢g+5)).

Sy is the same as S in (4.6) except that k is replaced by Ky,

Here, ky = oo u’

Dy llAlI2 Dy llAl2
o] o]
5 Lit——=

VL Ydec

Yo =pp(x?) = p; + (1= (1= o) ¥ x; —x V|2, Cp = =F

with x = arg min, p,(x), pj, = ming p,(x) = p,(x;) and c € (0,1).
Proof. Suppose that X is an e-stationary point of p,, i.e. dist(O 8pp(’)) < e. Let
¥ = y(X). Then by Lem. 6.3, we have dist(0, Vg(x) +0r(x )—l—A Ty) < e. Also, notice
0 € Ax — 9¢(y) — p(y —y@). Thus dist (0, Ax — 9¢(y)) < plly — yO| < pDy =¢.
Therefore, (X,y) is an e-stationary solution of (6.1).

Applying Alg. 1 to (6.10) by (6.13), the quantity C. in Thm. 4.3 becomes

dist (0,0p, (x(©) —e S7) s c2
0. = ma SO, 2y s D [y et

Now, first notice that by Lem. 6.3, querying Vh, once needs one query to ( (), AT(- )
Second, by Lem. 6.3 and the boundedness of dom(¢), we have dlst(O Op( (x(0) ) =
O(1). Also, by the p-strong convexity of p,, it follows

Yo < [14 (1= (1= <)ao) 2] (r,(x®) ~ 1)

< 1+ 1= -0a0)2] (=) —p* + §D2) = O(1).

Hence, In ((1 + %)CJ = O(In(2)). Thirdly, the smoothness constant of h, is

w = %A”Q. Therefore we obtain the bounds on K, and Ty, from Thm. 4.3. O

REMARK 3. Since 9 = O(1), Sy = O(1) and Cp, = O(@), according to
Thm. 6.4, we have Q5 = O( % In(1)) and Qa = O( (1/% + %) 1n2(§)).

7. Experimental results. In this section, we demonstrate the practical per-
formance of the proposed algorithms. All the tests were conducted with MATLAB
2021a on a Windows machine with 10 CPU cores and 128 GB memory.
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7.1. Multitask learning. We first test the iAPG on the multitask learning [15]
and compare it to the exact counterpart. Given m binary-class datasets D; =
{(x1,45 yl’i)}?ﬁl,l =1,...,mwithx;; € R” and the corresponding label y; ; € {+1, -1}
for each ! and 4, we solve the multitask logistic regression [19] and use the regularizer
given in [15, Eqn. (23)] together with an ¢; term:

Ny
. 1 A
i S (1 exp(wd ) + 5 IWIE + 5 IW — LWL 4+ 2 W,
r(W)

h(W
g(W) W)

where [[W]l1 =3, ; |w; ;| and w; is the Ith of W and the classifier for task /.

In the experiments, we fixed A\ = 1072 and chose p € {0.01,0.1} and )\
{1,10,100}. A larger value of \; leads to a stronger correlation between the m
classifiers and a larger smoothness constant of h. We randomly generated m = 4
binary-class datasets as in [77]. For each [ = 1,...,m, every positive sample follows
the Gaussian distribution N(p;, ¥) and negative sample following N'(—p,;, ¥) with

Plsxs + (1 — p)Lsxs Osx(n—s) ] |: 1 :|
Y= s = +d
O(nfs)xs I(nfs)x(nfs) a 0pn—s !

where the entries of d; follow the uniform distribution on [3,1]. We set n = 200, N; =
500,V or n = 2000, N; = 5000,V!I. For each comblnatlon of (u, A1,n, N;), we con-
ducted 10 independent trials. Since the smoothness constants of g and h can be
computed explicitly, we also tested the methods without line search. We terminated
the tested method once it produced an e-stationary point W, i.e., dist(0, 0F(W)) < &,
and ¢ = 1076 was set. For both iAPG and APG, we set Yine = 2 and Yaec = % as in
Alg. 2 if line search is adopted. In addition, for iAPG, the initial inexactness g = 1073
was set. The results are shown in Table 1. Here, #¢ represents the number® of calls to
g or Vg, #h is the number of calls to h or Vh, stat.viol. denotes dist(0,0F(W)),
and the time is in seconds. From the results, we see that the proposed iAPG requires
smaller #¢g than the exact APG in all cases. Though iAPG has larger #h than APG,
the former takes shorter time and thus is more efficient. The advantage of iAPG over
APG becomes more significant as the problem becomes more difficult, i.e., when p is
smaller and/or A\; is bigger. These verify our theoretical results. In addition, even
without knowing the smoothness constants, the iAPG by line search has a similar
performance to that using the smoothness constants.

TABLE 1
Results by the proposed iAPG method (i.e., Alg. 1) and its exact counterpart APG on solving
10 independent random instances of the reqularized multitask logistic regression with different sizes
and model parameters. The numbers in the parentheses are the standard deviations.

H iAPG no line search ‘ iAPG with line search ‘ APG no line scarch ‘ APG with line scarch
(11, A1) H g #h stat. viol. timc‘ #g #h stat. viol. timc‘ #(g,h) stat. viol. (imc‘ #(g,h)  stat. viol. time
Problem size: n = 200, N; = 500 for each I =1,...,4
(0.1,1) [[37(0.0) 546(4.1) 7.4e-7(7.9¢-8) 0.03] 46(4.0) 850(66.6) 7.0e-7(2.1e-7) 0.04] 103(0.0) 8.0¢-7(3.0¢-8) 0.04] 158(4.2) 7.5e-7(1.7e-7) 0.05
(0.1,10) || 37(0.0) 1815(7.4) 7.3e-7(7.7e-8) 0.03] 47(2.6) 2209(104.9) 7.0e-7(2.4e-7) 0.04| 322(1.0) 9.5e-7(3.1e-8) 0.09| 604(4.4) 8.6e-7(9.5e-8) 0.15
(0.1,100) || 37(0.0)  5946(37.0) 7.7e-7(6.7¢-8) 0.06| 48(2.1) 5226(298.4) 5.3e-7(2.6e-7) 0.06| 1038(4.1) 9.8¢-7(9.0e-9) 0.27| 1584(6.0) 9.7e-7(1.3¢-8) 0.38
(0.01,1) [[106(1.1) 1806(13.7) 8.9e-7(7.4e-8) 0.05[106(0.9) 2313(24.7) 8.8e-7(8.7e-8) 0.06| 288(1.0) 9.6e-7(2.3e-8) 0.08| 404(1.2) 9.2e-7(6.0e-8) 0.10
(0.01,10) lOG(l 0) 6023(76.8) 8.6¢-7(6.5¢-8) 0.08{106(0.9) 5727(211.3) 8.9¢-7(7.6¢-8) 0.08| 874(4.2) 9.8e-7(1.1e-8) 0.22(1643(10.0) 9.6¢-7(3.1e-8) 0.39
(0.01,100)||107(0.8) 19666(189.9) 8.6¢-7(5.5¢-8) 0.16[107(1.4) 13381(430.9) 8.6e-7(1.1e-7) 0.13|2775(13.4) 1.0e-6(3.2¢-9) 0.71|4248(22.9) 9.9¢-7(8.6¢-9) 1.02
Problem size: n = 2000, N; = 5000 for ed(,h I=1,..., 4

(01,1) [[31(0.0) 561(0.6) 53e7(2.108) 4.5 |38(4.0) 869(113.3) 3.4e-7(2.80-7) 4.7 ] 105(0.0) 8.5e-7(1.06:8) 6.4 | 165(1.7) 7.56-7(9.5¢-8) 7.0
(0.1,10) || 31(0.0)  1870(5.6) 5.5e-7(2.0e-8) 4.5 |41(4.9) 2149(245.9) 6.8¢-7(3.4e-7) 4.8 | 341(0.6) 9.6¢-7(1.6¢-8) 12 4 647(0.0) 8.2¢-7(2.1e-8) 20.0
(0.1,100) || 31(0.0)  6102(17.2) 5.6e-7(1.6e-8) 4.9 |41(6.1) 5103(854.0) 4.5e-7(3.5-7) )() 1107(2.1) 9.8e-7(1.0e-8) 32.0| 1728(8.2) 9.5e-7(3.7e-8) 47.2
(0.01,1) |[91(0.6) 2131(12.5) 7.9¢-7(6.4c-8) 6.1|88(0.0) 2612(7.3) 7.0e-7(1.8¢-8) 6.0 | 319(0.8) 9.7¢-7(2.8¢-8) 11.8| 496(2.2) 9.2e-7(5.7¢-8) 16.2
(0.01,10) | 91(0.0)  7099(17.0) 7.6e-7(2.1e-8) 6.4 | 88(0.0) 7096(183.2) 7.0e-7(2.2e-8) 6.3 | 999(0.8) 9.9¢-7(1.0e-8) 29.2| 1903(4.6) 9.7e-7(1.9¢-8) 51.7
(0.01,100)|| 91(0.0) 23013(41.8) 7.6e-7(1.3¢-8) 7.3 | 88(0.0) 18142(281.0) 7.0e-7(1.5¢-8) 6.9 | 3183(4.0) 9.9e-7(1.6e-9) 85.1|4975(14.5) 9.9e-7(1.2¢-8) 129.1

8We increase #g by one if g or Vg or (g, Vg) is called. The same rule is adopted for #h.
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7.2. Zero-sum constrained LASSO. In this subsection, we test the iRALM
in Alg. 4 with iAPG as a subroutine, on the zero-sum constrained LASSO [17,30]:

(7.1) m)in%||Ax—b||2—|—)\HxH1, s.t. ﬁzz;l z; = 0.

Here, A € R™*™ and b € R™, and we divide by y/n in the constraint to normalize the
coefficient vector. We name the proposed method as iRALM_iAPG and compare it
to the accelerated primal-dual method, called APD, in [20]. To apply APD, we solve
an equivalent min-max problem by the ordinary Lagrangian function of (7.1). For
iRALM_APG?, we set in Alg. 4 By = Boo”, pr = poo ™" with By = 1, po = 1073, 0 = 3,
and €9 = 107°, Yine = 3, Vdec = % in Alg. 2 if line search is adopted. We set 79 = 1
and o = 1073 for APD if line search is adopted; see Alg. 2.3 in [20].

In the tests, we set m = 2000,n = 5000 and fixed A = 1072 in (7.1). Each
row of A took the form of ﬁ, where a was generated by the standard Gaussian
distribution. We generated a zero-sum sparse vector x° with 200 nonzero components,
whose locations were selected uniformly at random. Then we let b = Ax0+10*3”A5T”
with € generated from the standard Gaussian distribution. The stopping tolerance
was set to ¢ = 107 to produce an e-stationary point. We conducted 10 independent
runs. The results are reported in Table 2, where the methods without line search used
explicitly-computed smoothness constants to set a constant stepsize. The quantity
#query_obj denotes the number of queries to (A, AT) and #query_cstr the number
of times the constraint function in (7.1) is evaluated. The quantities pres and dres
respectively mean the violations of primal and dual feasibility in the KKT system.
From the results, we see that the proposed method needs significantly shorter time
than the APD method to produce comparable solutions. In addition, both methods
with line search performed similarly as well as those without line search.

TABLE 2
Results by the iRALM_iAPG method with and without line search and the APD method in [20]
with and without line search on solving 10 independent random instances (7.1) with m = 2000 and
n = 5000. The numbers in the parentheses are the standard deviations.

‘ Method [#query_obj[#query_cstr ] pres [ dres [time]
iRALM_APG no line search [| 2521(286.3) [21098(4723.5) || 3.0e-7(2.9e-7) [6.2e-8(2.1e-10) | 18.2
IRALM_APG with line search || 2062(347.0) | 9760{1200.6) || 3.0¢-7(2.9¢-7) | 5.2¢-8(9.0¢-9) || 17.0
APD no line search 7929(606.7) 8.8e-10(1.1e-9) | 3.0e-7(2.8¢-7) || 51.4
APD with line search 4349(334.8) 1.8e-7(2.2e-7) | 2.9e-7(2.8e-7) || 55.3

7.3. Portfolio optimization. In this subsection, we test the proposed method

iRALM_iAPG on solving the portfolio optimization:

(7.2) min %XTQX, st.x>0, Y0 2 <1, £Tx>e

where £ contains expexcted return rates of n assets, Q is the covariance matrix of the
return rates, and ¢ is the minimum total return.

We solve instances of (7.2) with the real NASDAQ dataset'® [59], where € is the
mean of 30-day return rates. The original covariance matrix Qg € R?730%2730 ig rank-
deficient, and in (7.2), we set Q = Qo + uI with p € {0,1073,0.1}. We set ¢ = 0.02,
a tolerance to ¢ = 10~% and also a maximum running time to one hour. We found
that APD with line search did not work well for these instances, possibly because of
the rounding error during the line search. Hence, we only reported its results without
line search by explicitly computing the smoothness constants and setting constant

9A comparison to iRALM with the exact APG as a subroutine can be found in the longer arXiv
version [48] of this paper.
10More results on synthetic data can be found in the longer arXiv version [48] of this paper.

25



stepsizes. The results by all methods are shown in Table 3, where cmpl represents the
amount of violation of complementarity condition in the KKT system, and all other
quantities have the same meanings as those in Table 2. From the results, we see that
the proposed method iRALM_APG was significantly more efficient than APD and
PDS in terms of running time. For the hardest case that corresponds to u =0, APD
and PDS both failed to reach the desired accuracy within one hour. PDS required
much more queries to the constraint functions, though its queries to the objective was
significantly fewer than the proposed method. This is because the inner loop of PDS
needs to run to a theoretically-determined maximum number of iterations rather than
to a computationally-checkable stopping condition.

TABLE 3
Results by the proposed iRALM_iAPG, the APD in [20], and the PDS in [41] on solving in-

stances of the portfolio optimization (7.2) with NASDAQ data.

‘ Method H #query_obj ‘ #query_cstr H pres ‘ dres ‘ cmpl H time ‘
iRALM_APG no line search 112704 ‘ 5530144 0.0e+00 | 4.2e-07 | 9.2e-19 || 350.6
ﬁ iRALM_APG with line search 37235 ‘ 715328 0.0e+00 | 4.2e-07 [ 0.0e+00 || 97.0
= APD no line search 1118808 0.0e+00 | 1.3e-06 | 2.2e-17 | 3603.8
PDS 54058 [ 176318909 3.5e-18 |1.1e-06 | 1.5e-25 || 3604.0
7 iRALM_APG no line search 21314 ‘ 375994 0.0e+00 | 2.3e-07 | 7.0e-14 || 54.1
< ||iRALM_iAPG with line search 48643 ‘ 117194 0.0e+00 | 2.3e-07 | 7.1e-14 || 108.4
Il APD no line search 1119046 0.0e+00 | 8.5e-07 | 4.9¢e-18 || 3603.6
= PDS 6278 | 8927446 0.0e+00 | 2.2e-07 | 0.0e+00 || 195.5
~ || _iIRALMAPG no line search 3206 ‘ 32178 4.4e-09 |6.2e-08| 4.8¢-13 || 10.8
© |[iRALM_iAPG with line search 6601 ‘ 16451 5.2e-09 [6.2e-08] 5.6e-13 || 17.8
!L APD no line search 1119360 0.0e+00 [ 9.0e-08 | 2.6e-21 || 3603.6
PDS 1404 [ 29512311 0.0e+00 | 5.6e-08 | 0.0e+00 || 591.7

8. Conclusions. We present an inexact accelerated proximal gradient (1APG)
method for composite convex optimization, which have two smooth components with
significantly different computational costs. When the more costly component has
a significantly smaller smoothness constant than the less costly one, the proposed
iAPG can significantly reduce the overall time complexity than its exact counter-
part, by querying the more costly component less frequently than the less costly one.
Using the iAPG as a subroutine, we proposed gradient-based methods for solving
affine-constrained composite convex optimization and for solving bilinear saddle-point
structured nonsmooth convex optimization. Our methods can have significantly lower
time complexity than existing methods.

Appendix A. Technical Lemmas. The following technical lemmas are needed
in our convergence analysis. The first lemma below is obtained by applying inequality
Va+1b < v/a+ Vb for a,b >0 to the conclusion of Lemma 1 in [63].

LEMMA A.1. Let {ur}r>1 be a sequence of nonnegative numbers. Suppose u% <
C+ Zle Niw;, Vk > 1, where C > 0 is a constant and A\; > 0 for all i > 1. Then
uwp < F N+ VO VE > 1.

LEMMA A.2. Leto >1anda € (0,1). Ifb> % > 1, then (log, b)?> < a-b.
Proof. Let 6(z) = 3(Inz)? — 2. Then #'(z) = L Inz — 1. Since Inz < 2,Vz > 0, we
have ¢'(x) < 0,Vz > 0, so 6 is decreasing. Hence, 0(z) < 6(1) < 0,Vx > 1, which

implies (log, 72)? < (lfii)%Vx > 1. Taking 2 = v/b gives (log, b)? < (li‘gg <a-b,
where the second inequality is by the asssumption that b > %. O
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