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Lecture 1.
Inexact Nesterov’s accelerated proximal gradient method
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Motivated by applications where only approximate gradients are available, we study an inexact variant
of Nesterov’s accelerated proximal gradient (APG) method given in [1]. Though inexact APG has
been explored in literature, e.g., [2, 3], Nesterov’s APG achieves accelerated convergence for both
convex and strongly convex problems in a unified framework.

1.1 Problem Setting

We consider the following structured problem

xt = arrgeg}}nqzﬁ(x) = f(z) + ¥(x), (1.1)

where f is convex and L -smooth on R”, and ¥(z) is closed and p-strongly convex with > 0. We
assume that for any 1 > 0, the proximal mapping of n¥ can be computed exactly, i.e.,

.1
prox, g (u) := arg min §||x —ul)® +n¥(z) (1.2)

can be computed for each v € R". However, an exact gradient of f is not available; instead its
approximate gradient at any x, denoted as V f(x), can be accessed. For each x € R™, we denote

e(z) = V() ~ Vf(x) (1.3)

as the error of the approximate gradient.

1.2 Inexact APG with line search

With the inexact gradient oracle, we give the inexact variant of Nesterov’s APG in Algorithm 1 for
solving (1.1). Notice that we assume to know the strong convexity constant p > 0. Nevertheless, by
performing line search, we do not need to know the smoothness constant L;. Except using inexact
gradients, other settings, including the line search strategy and choice of coefficients ay and Ay, are
the same as those in [1]. A key difference lies at the step to obtain a near-stationary solution.

1.3 Convergence Analysis

We follow the analysis in [1] but extend a few of its key results to accommodate the usage of inexact
gradients. First, we show the while-loop for line search must stop within a finite number of steps.
Based on the next lemma, we assume Ly, < Ly and Lo < Ly without loss of generality.

Lemma 1. For £ = Vf(z) — Vf(y) — L(z — y), when L > Ly, it must hold that

&y—2) = %Ilfll2 —3lle(y) el - lly — 2l - %HE(y) —e(2)]*.
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Algorithm 1: Inexact accelerated proximal gradient method with line search for (1.1)
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Input: ¢ > 0, zg € dom(¥), v, > 1, ¥4 > 1, Lyin > 0, and a positive sequence {7y }x>0.

Set: Ag =0, Yo(z) = %Hx — 0%, Lo > Lin, and vg = zo.
for k=0,1,...do
Let L = L. Set FLAG = false.
while FLAG == false do
Find a > 0 such that AZj—a = 2(1+L”A’“); let y = 7’4’“;:13”’“.

Set z = proxy (y - %@f(y)) and let £ = Vf(2) — Vf(y) — L(z — y).
/* Suppose |le(y)|| <7 and [e(z)[| <7 */
if (€~ 2) > L[&]* ~ 6mlly — 2] — 7+ then

L FLAG = true.
else
L L=1L-:n,.

Let yx =y, py1 = 2, My = L, L1 = max{Lumin, L/7a}, ar41 = a, and Ag11 = Ag + a.
Set vgy1 = argming Ypy1(z) = Yr(x) + ar1 (f(kaﬂ) + (Vf(@h41), @ — Tpp1) + ‘I’($)>-

if |[Vf(2) = Vf(y) = L(z = y)| < § then
L Return z and Stop.

Ly

Consequently, the while-loop in Algorithm 1 must exit after at most [log% 7 —‘ + 1 steps.

min

Proof. By ¢ = Vf(z) — Vf(y) — L(z — y), it holds

<£a Y- Z>
= Llly— 21 = (Vf@) - V() y - 2)

2 (6P + 249 6) - V£(2), y = 2) ~ I95) ~ VFEI7) ~ (V) ~ V() y =)
= Il + (V) ~ V1) v~ 2) — 11V 5w) ~ VIR

Hence, using the definition of e(-) in (1.3), we have

(€ y—2) = 2IEI* + (VFG) ~ V() y—2) — 21V 5(w) ~ Vi)
F{el®) ~ e(2), 5= 2) — 7le®) eI~ 2 (V) ~ VS (2), e9) ~ e(2))
€I + (V) ~ V1), v — 2 — 2IVIG) ~ VI (14)

— (1) lle) — (@) - lly — 2 = £lle(®) — ()|,

Y]

where the inequality follows from (V f(y) — V f(z), e(y) — e(z)) < Ly|le(y) — e(2)] - ||ly — z|| by
the L ¢-smoothness of f and the Cauchy-Schwarz inequality.

2L

Now when L > Ly, we have 1 + =% < 3 and from the convexity and L j-smoothness of f that
1 1
(Vi(y)-Vi(2), @/*Z%ZHVf(y)*Vf(Z)II2 > (Vf(y)-Vi(2), y*Z%LffIIVf(y)*Vf(Z)H2 > 0.

Hence, when L > Ly, the inequality in (1.4) implies the desired result. O

The next lemma extends one key relation in [1] to the inexact case.
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Lemma 2. Let §p = 0 and define {0y }r>1 by
Okt+1 = Ok + Agt1ex + ApTrllzr — Tpga|, VE >0, (1.5)
with
47',?
€k:6TkHyk;_$k+1”+ﬁ, VkZO (16)
k
Also, let ¥} = min, ¢y () for each k£ > 0. Then it holds that

Apd(zr) < O+ 0, Yk > 0. (R})

Proof. Since Ay = 0, 6y = 0, and ¢ = 0, the inequality in (R}) clearly holds for k = 0. Now
suppose it holds at k. We show it also holds for k + 1 as follows.

By the (1 + pAy)-strong convexity of 1, we have

1—|—,uAk
2

1+/J,Ak

lz —vel® > Apo(xr) — Ok + 5

V() 2 Pf + lz = vl|?. (1.7)

Hence, for any grp4+1 € OW(xk41), it holds
1/JZ+1 = mwin {wk(ﬂﬁ) + ag41 [f($k+1) + <@f($k+1), T — 35k+1> + \I/(:v)} }

(1.7) 1 A

> min {Ak¢(9€k) — 0k + %

+ akt1 [0(@rr1) + (VI (@ht1) + Gra1, 7 — Thy1)] }

lz — vg |2

14+ pAyg

> min {Ak [p(@rt1) + (VF(@r41) + Grt1, Tk — Tht1)] — Ok + 5 e~ v |12
+ akg1 [0(@ri1) + (VF(@k11) + Gra1, T — Thy1)] }
= min {Ak+1¢($k+1) + (Vf(@rt1) + got1, Ar(zr — Tr41)) — O + %“m —v])?
+ 0k 41 (VF(@rs1) + Gry1, T — $k+1>}
= min {Ak+1¢(9ﬁk+1) —(e(®Tk+1), Ak (Th — Tht1)) — Ok + %Hm — v
+ (Vf(@rr1) + Grr1s An(@h — T41)) + 0k (VF(@h11) + grr, @ — $k+1>}
= min { A (nin) — (o), Ai(ee — zign)) — O+ L2 o

+ A1 (VF(@rs1) + et 15 Yk — Tor1) + a1 (Vo (@hg1) + Gogr, T — Uk>}, (1.8)

where the second inequality follows from the convexity of ¢, and the last equality holds by the
relation Agxy = Ag+1Yr — Qpt1Vk-

Notice that the minimum in (1.8) is achieved at vy — 1?#21@ (Vf(xk41) + gr41). Thus,

Vi1 > Apr10(@ii1) — (e(@ri1), Ae (@ — Tr1)) + Ak 1(VF (@rt1) + Gt 1, Yo — Tht1) — Ok

2
Akt = 2
-V + . 1.9
ST ¥ k) + g (1.9
Now choose grpi1 = f@f(yk) — My (k41 — yg) € OU(zk41) in the above inequality and use

the exit condition for the first while-loop in Algorithm 1, i.e., (@f(xkﬂ) + Gkt1, Uk — Tht1) =
ﬁk||vf($k+1) + gr+1l]? — ek, to obtain from (1.9) and the Cauchy-Schwarz inequality that

Vir1 2> Arr10(@r+1) — Axlle(@r+1) lllzx — zrs1ll — Axr18r — 0k
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Agt1 Af 11 ) = 2
- — \Y +

> Ap10(Th+1) — Okts

where the last inequality follows from the definition of dx11, |le(xx+1)|| < 7k, and the choice of
ap+1- Hence, we complete the induction and finish the proof. O

The lemma below extends another key relation in [1] to the inexact case.

Lemma 3. Let By(z) =0,Va € R™ and define the sequence of functions {By(-) }x>1 by
By11(x) = Bi(z) + ap1{e(xg41), & — Tp41), VEk > 0. (1.10)

Then it holds

V(@) < Ard(z) + %Hm — 2o|]? + Bu(x), Y € dom(T), ¥k > 0. (R2)

Proof. By the definition of By(-), the choice of ¢o(-), and Ag = 0, the inequality in (R3) clearly
holds for k£ = 0. Below we prove it by induction. Suppose it holds for some k. Then we have

V1 (@) = Yn(@) + @i [ F(@nr) + (Vf (@), @ — i) + ()]

< Apg(x) + %Hx — 2o||? + Bi() + ap41[f(The1) + (VS (@rt1), T — Thy1) + U(z))]
+ apt1(e(Tr+1); T — Tht1)

< Apd(z) + %Hx — zol” + Bi(z) + ar41[f (z) + ¥(2)] + ars1({e(@rr1), T — Tpt1)

1
= Ak16(@) + e = zo* + Brya (),

where the first inequality follows from the induction assumption, and the second one is by the
convexity of f. Hence, we finish the induction and complete the proof. O

With (R}) and (R3), we are ready to establish the convergence rate result.

Theorem 1 (Convergence Rate with Error Terms). For each k& > 0, it holds

—— 2 la* — well? < 5 lla* = woll” + Bi(a*) + & (111)
and L
d(xk) — p(z”) < " §||37* — zo|* + Bi(z*) + 0 | - (1.12)

Proof. By (R}) and (R?2), we have

1

1 A (R3)
Rl e Y PP R S ST N

2

14 pAyg

5 |z — vkl|* < Yr(x) + 0k

Ard(zr) +

(R}) 1 )
< Apd(z) + 5”95 — 2o|” + Bi(x) + o,

where the second inequality follows from the (1 + pAy)-strong convexity of ;. Letting z = z*
in the above inequality gives the desired results. O

To fully determine the convergence rate, we still need to bound the error terms By (z*) and 0. To
establish such bounds, we assume the following condition on the gradient error.
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Assumption 1. For each iteration k£ > 0 in Algorithm 1, the gradient error bound satisfies

e gk+1
Apa }7

TR < min{;, (1.13)

for some 6 € [0, 1).

Remark 1. Notice that if § = 0 in (1.13), there is no gradient error, and Algorithm 1 reduces to
the exact version of Nesterov’s APG.

The setting of ay and Ay, is the same as that in [1]. Hence, we directly have the following result from
Lemma 8 in [1].
Lemma 4. The coefficient sequence {Ay} from Algorithm 1 satisfies

k2 2 [ 2(k—1)
A, > max , — [1+ > ,VE > 1. 1.14
g 2vuLy" yuly ( 29, Ly (1.14)

Under Assumption 1, we have from (1.10) and the Cauchy-Schwarz inequality that
Bit1(2") < Bi(e") + apa[le(wrrn)| - o = zppa || < Bi(e™) + p 0 2" — g |

where the second inequality follows from (1.13) and ax41 < Ag41. Recursively applying the above
inequality gives

k
Be(x*) <p > 0" |a* —xl,  VEk>1. (1.15)
t=1

In addition, by the definition of 0y in (1.5), it follows

472
Ok+1 = Ok + ApTllzk — zppall + Apa (6Tk||yk — Tl + Mi)
2 2 L 92k+2
<0 + M9k+1||l‘k — xpa | + 6u9k+1||yk — x| + %’

where we have used Ajy; > —2— from (1.14) to obtain the inequality. Hence, applying the above

inequality recursively and noting My, > Ly, we have

02t+2

k
20y, L
5k+1 S /LZ <0t+1||flft — $t+1|| + 69t+1”yt — LTJt+1H + W[/if), Yk 2 0. (116)
t=0 min
1.3.1 Bound on iterates
We show that all involved points in Algorithm 1 are bounded.
Lemma 5. For all k£ > 0, it holds that
lye —2"| <R, |lox—2"|<R, |zx—2"| <R, (1.17)

where

16022y, Ly 1200 6060+, Ly
Lypin(1—-62)" 1—-60" (1-6)°

V2vuLy|lz* — zo| 802 p(vuLy)?
N Linin(1—62) [

R =max {2||a:* — xo| +

+ 1607, Ly + (1.18)
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Proof. We prove the result by induction. Notice yo = vg = x¢. Hence, (1.17) holds for & = 0.
Suppose that for some k > 0, it holds

lye — 2*|| < R, ||vs — a*|| < R, |lze — 2*|| < R, Yt =0,...,k (1.19)

In the following, we show (1.17) also holds for k + 1.

First, by the p-strong convexity of ¢, it holds £ ||zx41 — z*||* < ¢(2k41) — ¢(z*). Hence, from
(1.12), (1.15), and (1.16), it follows

st —a*[? < [lle = oll? + 2Brr1(2*) + 26041]

AR
9 k+1
2 t
,UAk |z* — zol| +m29 2" — ol
k
2 2,w)/uLf6’2t+2
gt+1 _ 69”1 _ L - —
o 2 (9l + 00—+ 200
1 2 OR
< * 2 9k+1 *
< e = ol 4 e (1 4 6 =
2 20R 120R 207y, L 16*
Y 0/@-{-1 Sevar 9k+1 * Uif
= 1 (1 5 = |l — xpsall + 9 + 6 ||z Trt1ll + T (1 — 07)
1608+t 1 . ) 2 (150R  2uy,Ls0?
= Tl — sl + " = wol + (1 o 92))

Thus, we obtain

st — 27l < | —— Il — o2 + — C“R+2W@ﬁ2>+@““f+““l
h =V pden T A \1=0 7 Lom(1 - 62) Ar1 At
lz* — zo|  166%+1 Apry, L 62 N 300R
TV Ar Akt Ag11Limin (1 — 62) Apy1(1-196)
u - 2 wl 156~, L
< \/7 llz” 0||—|—89 L +\/ 02 (v Ly)? +\/ 50v,L¢R

\/ﬂ Lmln( 02) (1 - 0)
<R, (1.20)

where the third inequality holds because Agy1 > - L ,Vk >0 and 0 € (0,1), and the last one
follows from the choice of R.

Second, plugging (1.15) and (1.16) into (1.11) gives

k+1
1+ pAg
M M a — v |? < *Hﬂi —aol® + ) 0 |27 —
t=1
k
24y L0242
+ ”Z (Gtﬂ”xt — zpqll + 60" |y — xepa || + MLif)
t=0 min

6R  20R  120R  2uvuL ;02
1.21
=6 1-6"1-6 " Lyma-o,) 2V

su:MW+u(

where the second inequality follows from (1.19), (1.20), and the triangle inequality. Hence, by
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14 pAp41 > 1, it follows

40212~ Ly 300uR
* < CE <R
Io* ~ vk < lle* —oll + | ks | Ty < R

where the second inequality holds by the choice of R.

Third, yg41 is a convex combination of xj11 and vg11, and thus ||2* — yx41]| < R. This finishes
the induction and completes the proof. O

By Lemma 5, we have from (1.15) that
Bi(a®) < 2F= Yk >0, (1.22)

and from (1.16) that
140uR 20% 12, L
0 < .
1—6  Lnin(1—6?)
Therefore, plugging (1.22) and (1.23) into (1.12) gives

FBor 1 [1 ., ,
ol = ol +

vk > 0. (1.23)

150uR n 20% 2y, Ly

P(zr) — ¢(z7) < 1—60  Lyn(1—6?)

] L VE> 1. (1.24)

1.3.2 Iteration Complexity

We have from (1.24) with the p-strong convexity of ¢ and from (1.21) with 6 € (0,1) that

2Fo r 2Ey R
xp — 2| < ) v — 2| < — Vk>1. 1.25
D Y1 v DS Y s (1.25)
Since y, is a convex combination of xj and vy, it also holds that
yp — x| <4 ——, Vk>1. 1.26
o=l < =4 (1.26)

Hence, by the triangle inequality and L j-smoothness of f, it follows that

IV f(2hs1) = VI (yr) — Mi(zes1 — ye) |
(Ly + Mp)l|zhrr — yrll + lle(zrg )| + lle(yn)
(Ly 4+ M) ||whsr — yrll + 27

2Ey.r 2Ey.r
< (Li 4L L R 4 or 1.27
< (L +ly) (\/,UAk—H \/ pA ) " (1.27)

where the last inequality holds by (1.25) and (1.26) and M} < ~,Ls. Therefore, Algorithm 1 will
return xpy1 as the output if

<
<

2E.r
pAk

Q(Lf +’YuLf) + 27 < —. (1.28)

N ™

On the other side, from the update of xj1, it holds
0€ VI(yr) + My(vgs1 — yg) + 0¥ (zp11).
Hence, V f(zk4+1) — @f(yk) — Myp(zk4+1 — yx) € 06(xk41), and thus

dist (0, 0(zx41)) < IV F(@r1) — VF(yr) — Mi(zrs1 — yi)||
<NV F(@rs1) = VF(yr) — Mi(zrer — yi)ll + [le(@pgr) |
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< ||@f(1‘k+1) - @f(yk) — My (g1 — yr)|| + 7 (1.29)

Therefore, when Algorithm 1 stops, zx11 is an e-stationary solution of ¢, since 75, < § from (1.13).

Summarizing the above analysis, we give the iteration complexity result of Algorlthm 1 to produce
an e-stationary solution as follows.

Theorem 2 (lteration Complexity). Given & > 0, under Assumption 1, Algorithm 1 will produce
an e-stationary solution of ¢ within & iterations, where

wl EO,R (1+'Yu)Lf

log 4vuly log 8,/ 1+=L

k = max Pglw : 2 = |41, (1.30)
Oge 10g<1—|—1/27 Lf)

In particular, if exact gradients of f are used in the algorithm, i.e., § = 0 in (1.3), the total

number of iterations reduces to
YuLgllz*—zo||? (1+vu)Ly
log 84/ T .

k= +1. (1.31)

log< +\/E>

Proof. Tt suffices to solve the inequality in (1.28) for k. From the condition on k in (1.30), we

have 9¥+ < —£—— and thus by (1.13), it follows
5 5
27, < —————— < — 1.32
Tk = 2’YuLfAk+1 =3’ ( 3 )

where the second inequality is obtained by using A1 > 5 QLf from (1.14).

In addition, we have from (1.30) that

k-1
1+ 1% >3 ’YuLfEO,R (1 +'Yu)Lf.
2vu Ly Iz £

Hence, it follows from (1.14) that

wL+Eor (1+ )L
f>8 o fO,R(""Y)f,
'VuLf w

3

2E0R &
2(1 Ly —— < —. 1.33
(4L |~ < 5 (1:33)

Now adding (1.32) and (1.33) gives (1.28).

Finally, notice that when 6 = 0, the inequality in (1.32) holds for any k because 7, = 0, and
from (1.24), it follows Eg g = 3||z* — 2o||*>. Thus we have (1.31) from (1.30) and complete the
proof. O

and thus

Remark 2. Because each while-loop must exit in at most [log,y —‘ +1 steps, the total number
of inexact gradient evaluations will be k [log7 —‘ + k, where k is given in (1.30). Suppose

L—f < 1. The complexity is O ( w L log E) in either case of using exact or inexact gradients

of f.
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